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Abstract
A priority queue is a device which stores a set of elements aud their associ-
ated priorities and provides a set of op on these el called priority
queue operati The dard on priority queue are XMAX and

INSERT. XMAX operation retrieves and deletes the element with the highest
priority and INSERT operation inserts an element and its associated priority
into the priority queue. A number of multip designs for maintaini
priority queue have been proposed in the literatures. These designs can be clas-
sified into two main groups: 1) designs with many processors each having an
small amount of memory, and 2) designs with small number of processors each
having a laige amount of memory. In this paper two new designs, both belong-
ing to the second group, for performing a group of priority queue operations
on a set of el ¢ are p d. P in either design are connected to-
gether to form a linear chain. The first machine, called binary heap machine, is
based on heap dats structure. The algorithms for XMAX and INSERT opera-
tiona are different from their sequential counterparts in that they both perform
the restructuring process from the top. The second machine is called banyan
heap hine. The algori for this hine are the i of heap
algorithms to a more general acyclic graph called banyan. This design requires
fewer processors than the heap machine in order to meet the same capacity
requirement and unlike some of the existing designs, processors do not have
g varying Yy siges, ing in & letely b

system. The key advantage of banyan heap machine is that it is possible to
retrieve elements at different percentile levels.

1 Introduction

Special classes of computational tasks have led to the devel and realizati

of special purpose systems that most efficiently perform the given tasks. One class
of these special purpose architectures is characterized by strong, inherent paral-
lelism fi ing in a systoli A systolic system is a network of pr

XMAX:

P «— P — P(Pmos) Where P(pma;) is the pair with the highest priority.
Response is P(Pmas).

A priority queue machine receives a stream of operations (INSERT,XMAX),
execute them in a piplined manner, and, in the case of XMAX operation, reports
the element with the highest priority via the I/O port. The response time for an
operation is the time el d bet the initiation and pletion of an operation,
and the pipeline interval of an operation is the minimum time needed before the
initiation of the next operation. The period of the machine is the maximum of all
operation pipeline intervals.

Hardware of data str have been investigated by scveral re-
searchers. Leiserson [2] proposed a machine to impl t priority queue op
and Bentley and Kung 1] have given an impl of dictionary operations
on a tree in which the data elements are stored in the leaves of the tree. Using
X-trees, Ottmann et al. [3] designed a more efficient implementation of dictionary
operations at the expense of additional wires. Atallah and Kosaraju [7] and So-
mani and Agarwal [5,6] have shown that dictionary operations can be implemented
on a tree which does not use any links other than the binary tree links. Schmeck
and Schroders [12], and Dehne and Santoro {22,24] have given an implementation
of dicti Y op on mesh- ted array. Recently, J. H. Chang, O. H.
Tbarra, M. J. Chung and K. Rao [25] have proposed systolic tree architectures for
data structures such as stacks, queues, dequeues, priority queues, and dictionary
machines. Cray and Thompson (15}, Fisher [13], and Tanaka, Nozaka, and Ma-
suyama [16] have shown that a dictionary machine can be constructed using search
trees implemented on a linear array of processors. For related littatures refer to
(14,17,26-30].

In this paper, We propose two new designs for performing priority queue op-
erations. The first machine, called binary heap machine, is based on heap data
structure. The algorithms for priority queue operations are different from their se-

ial

Y
which rhythmically computes and passes data through the system [11]. In systolic
systems, processors are typically interconnected in a such a way which results in
a simple, regular communication and control structure. Data flows between pro-
cessors in a piplined fashion and with the outside world only at the
boundary processors. Systolic architecture is mainly used to design algorithms
and data structures for direct layout in integrated circuits. Systolic archi

parts in that they both perform the restructuring process from the
top. The second machine is called banyan heap machine. The algorithms for this
machine are the generalization of heap algorithms to a more general acyclic graph
called banyan. This design ruquires fewer processors than the existing designs [1-
7,12,22,24] in order to meet the same capacity requirement and unlike some of the
existing designs [15,16], processors do not have geometrically varying memory sizes

for variety of computational tasks such as: signal and image processing, matrix
arithmetic, graph algorithma, relational datab perati have been p d

resulting in a letely homog system. The key advantage of banyan heap
machine is in its ability to retrieve elements at different percentile levels. The con-

[4,8,9,10]. This architecture was originally proposed for VLSI impl fon of
some matrix operations [4]. In this paper we will consider two systolic designs for
a priority queue data structure.

Priority queue is a very important data structure which has found applications
in varieties of situations [18,19,21]. This data structure is a set of elements each of
which has an associated number, its priority. For each element z, p(z), the priority
of z is a number from some linearly ordered set. Standard operations on a priority
queue are INSERT, which inserts an element and its associated priority into the
priority queue, and XMAX, which deletes the element with the highest priority from
the queue. Let P denote the set of all element- priority pairs. Define

P(s) = {(2,5(=))|p(z) = s and (,p(2)) € P};
The effect of priority queue operations are as follows:
INSERT(z,p(z)) :

P — PU{(z,p(z))} .
Response is null.
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trol h is identical for all the processors excepts those at the first and last
levels. The input and output are done through the root in the binary heap machine
and through the leftmost processor of the first level in the banyan heap machine
which makes them suitable for VLSI implementation.

The rest of this report is organized as follows. Section 2 preseats binary heap
machine. Section 3 first defines banyan graphs and banyan heaps, and then discuss a
priority queue machine based on banyan heap. Section 4 derives analytical formulas
for percentile level of a retrieved element. The last section is the conclusion.

2 Proposed Design
2.1 Binary Heap Machine

This machine is a linear array of log N processors, one for each level of the heap.
See figure 1. Processor p; , (1 <1 < log N), stores the *h level of the heap. Each
node has 6 fields: DATA, PRIORITY, LCHILD, RCHILD,LEMPTYNODES, and
REMPTYNODES. For a node, the DATA field holds an element and the PRIOR-
ITY field holds the priority iated with that el t, LCHILD and RCHILD




holds respectively pointers to the left child and right child of that node, and LEMP-
TYNODES and REMPTYNODES hold the number of null nodes (nodes with no
information) in the left and right subtrees of that nodes. Initially, the DATA field
of all the nodes are set to null and and the PRIORIT'Y field of all the nodes are set
to —1. The LEMPTYNODES and REMPTYNODES fields of all the nodes at level
i are initialized to 2'°6V~* — 1. These two fields are updated as data elements are
inserted into or deleted from the machine. Information about the number of empty
nodes is used by the INSERT operation to decide which path in the heap should
be followed during the insertion process. Lack of such information may lead to an
overflow situation in the last processor. This happens if the INSERT operation
moves along a path in which all the nodes are non-empty.

The instruction set for each processor includes compare, move, add, subtract,
branch, compare, to read and write into the local memory, and send and receive
to communicate with the neighboring processors. Receive instruction is of blocking
type, that is, it is not until a is d from the specified pro-
cessor. Now we describe operations XMAX and INSERT for this machine.

XMAX operation: Operation XMAX generates an operation called ADJUST
which propagates through the chain of processors and converts the binary tree
(after the root is removed) into a heap. With respect to operation XMAX, all
the p except p p1 perform the same set of actions. We describe

peration XMAX as foll

pr p1: When p »n operation XMAJX, it reports the element
with the highest priority to the outside world and then sends operation ADJUST
to processor P2

processor p;, (1 < i < logN) : Let p be the address of the.node in the local
memory of processor p;_; whose value had been moved up or reported by processor
Pi-1 in the previous step. On receiving operation adjust(p) by p, it finds the child
of node p, q, that contains the element with higher priority, sends DATA(q) to pi—y
to replace DATA(p), and next sends adjust(q) to processor p;,,. Processor Pi-1,
(i > 1) , after filling up the node p with DATA(q), increases the LEMPTYNODES
or REMPTYNODES field of node p by one, depending on whether q has been
the address of left or right child of node p. If both children of node p are empty
then processor p; will not generate any more adjust operations; it only sends a
message to processor p;_; asking to empty node p. No processor will receive an
adjust operation until the most recent adjust operation issued by that processor is
completely executed by its neighboring processor.

INSERT operation: When processor p; , (1 < i < logN ), receives operation
INSERT(p,item) it performs the following actions. It first compares the priority
of DATA(p) with the priority of stem, if the priority of item is greater than that
of DATA(p) it replaces DATA(p) by stem and then issues INSERT(q,DATA(p)) to
processor p;, ;. If the priority of item is less than that of DATA(p), then processor p;
only sends INSERT(q,item) to pi41 . Q is the address of the right child of node pif
LEMPTYNODES(p)< REMPTYNODES(p) and is the address of the left child of
node p if LEMPTYNODES(p) > REMPTYNODES(p). P p; alsod

A vertex that is neither an apex nor a base vertex is called an intermediate vertex.

An L-level banyan is a banyan in which the path from base to apex(or apex to
base) is of length L. Therefore, in an L-level banyan, there are L + 1 level of nodes
and L-level of edges. By convention, apexes are considered to be at level 0 and
bases at level L. In a banyan graph, the outdegree and the indegree of a node are
called spread and fanout of that node. If there is an edge between two nodes, z at
level 5 and y at level i + 1, then we say z is the parent of y, and y is the child of z.

Definition 1 A banyan is called 6 uniform banyan if all the nodes within the same
level have 1dentical spread and fanout.

In a uniform banyan , the fanout and spread values may be characterized by L
component vectors, F' = (fo, f1,..., fu-1) and S = (8,83, ..., 5.), the fanout vector
and spread vector, respectively, where s; and f; denotes the spread and fanout of a
node at level 1.

Definition 3 If 8;41 = fi, (0 << L—-1), that is F = S, then the banyan ss called
rectangular. If 3y, # 8; for some i, then the banyan is non-rectangular.

Definition 3 A banyan is said to be regular if s, = 8, (1 <§ < L), and f; = f,
(0 <3< L—1), for some constant s and f. Otherwise it ia said to be irregular.

Definition 4 A banyen is an SW- banyan if it has the following two additional
propertics: a) Two nodes at an intermediate level i, have either no or all common
parents at level s — 1. b) two nodes at intermediate level i have either no or all
common children at level s +1.

Definition 8 An SW-banyan is said to be rectangular if it is regular and s; = d,
(1<i<L),and f;=d, (1< i< L~1), for some constant d.
Now we define Banyan heap.

Definition 6 An L-level banyan heap is an L-level banyan such that the priority of
the element at each node is equal or greater than the priorities of the elements at
each of its children.

Figure 2 shows an example of 4-level rectangular banyan heap. In this report we
study the impl tation of MxM rect lar SW-banyan heap with d = 2 in an
array of logM +1 p 8. M is the of apexes. In such banyans the
number of levels is log M + 1, each of which assigned to one processor with the
apexes assigned to processor p;. See figure 3. Each node in the banyan heap has
six fields: DATA, PRIORITY, LCHILD, RCHILD, LEMPTYNODES, and REMP-
TYNODES. In addition to the above six fields, each apex has another field called
NEXT. This field is used to link apexes together. Initially, the DATA field of all
the nodes are set to null and the priority field of all the nodes are set to —1. To ini-
tialize these fields, first partition the heap into N disjoint binary trees and then use
the same rule as for the first design to initialize the LEMPTYNODES and REMP-
TYNODES fields of the nodes in each partition. The partitioning process starts
with the leftmost apex and continues in increasing order of the apex numbers. The

the LEMPTYNODES(p) or REMPTYNODES(p) by one, depending on whether
the item will be inserted into the right (q=RCHILD(p)) or left (q=LCHILD(p))
subtree of node p. INSERT operation will not be propagated further down if node
p is null node which in that case the only action performed by processor pi is storing
the element in DATA(p).

Like all the priority queue machines reported in the literature, this machine also
receives a stream of INSERT and XMA X operations and them in a piplined
manner. The response time for XMAX, and pipeline period for both the XMAX
and INSERT operations is O(1), independent of the length of the array processors
- However, it takes O(log N) time for each of the XMAX or INSERT operation to
be executed. This is due the fact that it may take O(log N) time for an element to
find its correct place within the heap.

3 Banyan Heap Machine

Like the binary heap machine, the processors in the banyan heap machine are
connected together to form a linear array, but unlike the binary heap -machine
they don’t have geometrically varying size memory. This leads to a completely
homogeneous system. The algorithms for XMAX and INSERT operations are the
extension of those for the first machine to more general acyclic graphs called banyan.

In the following section we first describe banyan graphs and then define different
classes of banyan heap.

3.1 Banyan graphs and banyan heaps

A banyan graph is a Hasse diagram [23] of a partial ordering in which there is only
one path from any base to any apex. A base is defined as any vertex with no arcs
incident out of it and an apex is defined as any vertex with no arcs incident into it.
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leff t apex is bered 1. Partition s is the set of all nodes which are reachable
from apex ¢ by moving down the heap and are not part of partition 5 — 1. The root
of the binary tree in partition i is apex 5. The depth of a partition is the depth
of the corresponding binary tree. The set of partitions and the initial settings of
LEMPTYNODES and REMPTYNODES fields for an 8x8 SW- banyan is given in
figure 4.

Definition 7 An L-level partitioned banyan heap is an L-level banyan such that
each partition of the banyan (as defined above) is a binary heap.

Definition 8 A partitioned L-level banyan heap is said to be full up to apez d if
all the nodes in partitions j, (7 < d), are non-null and the nodes in the remaining
partitions are null.

Definition 9 A node in a banyan heap is said to be reachable by partstion from apez
1 if ita parent is reachable by partition from apez i. Node | at level +1 is reachable
by partition from node k at level § if node | either has non-zero REMPTYNODES
and st is the right child of node l,or has non-zero LEMPTYNODES and it is the
left child of node 1. An apex is reachable by partition from itself.

Remark 1 The null nodes which are reachable by partition from a given apex will
be filled up by insertions initiated at that apex unless the reachablity of the nodes
will change by a later deletion operation initiated at some other apexes. Reachablity
does not imply reachablity by partition.

Each processor in the array is equipped with send and receive instructions. They
are used for communication between neighboring pr Send(<p >,
‘<instruction>') sends instruction <instruction> to processor <processor> for ex-
ecution. The ion of receive(<p >,(information)) causes the informa-
tion specified by the second argument be obtained from processor <processor> and
forwarded to the requesting processor (the processor executing the receive instruc-




tion). A receive instruction 1
is received from processor ;).

In the next section we describe the implementation of priority queue opera-
tions for partitioned banyan heap. Impl of priority queue operations for
banyan heap is reported in [31).

ted by p pi is not until a

3.2 Algorithms for Partitioned Banyan Heap

Insertion into a partitioned banyan heap is performed by operation INSERT. This
operation, executed by processor py, first finds the leftmost partition which has at
least one empty node. This can be done by checking the REMPTYNODES and
LEMPTYNODES of the apexes. It then pushes the element requested to be inserted
down the banyan heap using operation insert- adjust. The operation insert-adjust
pushes down the element (along the paths from the root of the partition to the
bases) until it finds its correct position.

Upon receiving INSERT(p,(item ) by p n, it the fol-
lowing codes. P is the address of the leftmost apex and (item, priority) is the pair
requested to be inserted.

found « false
While (not found ) do
if DATA(p) # null then
if priority > PRIORITY(p)
begin N
if LEMPTYNODES(p)# 0 or REMPTYNODES(p)# 0 then
begin
if LEMPTYNODES(p) > REMPTYNODES(p) then
begin
p’~ RCHILD(p);
REMPTYNODES(p) — REMPTYNODES(p) 1
end
else
begin
p'~ LCHILD(p);
LEMPTYNODES(p)+ LEMPTYNODES(p) ~1
end
send(P; , ‘insert-adjust(p’, DATA(p)));
DATA(p) «item; PRIORITY(p)« priority;
found « true
end
else
p — NEXT(p)
end
else
begin ( priority < PRIORITY(p) )
if LEMPTYNODES(p) # 0 or REMPTYNODES(p)# 0 then
begin
if LEMPTYNODES(p) > REMPTYNODES(p) then
begin
p’— LCHILD(p);

LEMPTYNODES(p) — LEMPTYNODES(p) —1
end
else
begin
p’ + RCHILD(p});
REMPTYNODES(p)+— REMPTYNODES(p) —1
end
send(p;, ‘insert-adjust(p’, (item,priority))’);
found « true
end
else
p + NEXT(p)
else
begin
DATA(p) « item;
PRIORITY(p) « priority
end;

Processor F;, (2 < i < L), upon receiving insert-adjust(p, (item,priority)) exe-
cutes the following codes.

if DATA(p) # null then
if priority > PRIORITY(p) then
begin
if LEMPTYNODES(p) # 0 or REMPTYNODES(p) # O then
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begin
sif LEMPTYNODES(p) > REMPTYNODES(p) then
begin
p'~ LCHILD(p) ;
LEMPTYNODES(p) ~LEMPTYNODES(p)-1
end
else
begin
p' — RCHILD(p);
REMPTYNODES(p) — LEMPTYNODES(p) —1
end
end
send(p;41, insert-adjust(p’,(DATA(p), PRIORITY (p));
DATA(p) «item; PRIORITY(p) « priority
end
else
begin
if LEMPTYNODES(p) # 0 or REMPTYNODES(p) # O then
begin
if LEMPTYNODES(p) > REMPTYNODES(p) then
begin
p’ —~ RCHILD(p);
REMPTYNODES(p) <« REMPTYNODES(p) -1
end
else
begin
p'— LCHILD(p);
LEMPTYNODES(p) ~ LEMPTYNODES(p) —1
end

send(p;1, ‘insert-adjust(p’,(item,priority))’);
end
else
begin
DATA(p) « item; PRIORITY(p) + priority
end
else
begin
DATA(p) « item;
PRIORITY(p) « priority
end;

XMAX operation first locates the apex which contains the element with the highest
priority, reports that element to the outside world, and then fills up that apex with
the element in one of its child djust is responsible for restructuring the
banyan as it moves down the heap. When XMA X(p) is received by processor py, it
executes the following codes. P is the address of the leftmost apex. This address is
known to the outside world (front end computer).

PP
while NEXT(p) # nil and DATA(NEXT(p)) # null do
begin
if PRIORITY(p) > PRIORITY(NEXT(p)) then p’ — p
p — NEXT(p)
end
send(outside world’, DATA(p"));
receive (ps, (PRIORITY(RCHILD(p’)),DATA(RCHILD(p"))),
(PRIORITY(LCHILD(p*)),DATA(LCHILD(p")))) }
if DATA(RCHILD(p")) # null or DATA(LCHILD(p"))# null then
if DATA(RCHILD(p'")) > DATA(LCHILD(p')) then
begin
DATA(p’) +~ DATA(RCHILD(p"));
PRIORITY(p") — PRIORITY(RCHILD(p'));
REMPTYNODES(p’) — REMPTYNODES(p’) + 1;
send(p,, ‘xmax-adjust(RCHILD(p’)")
end
else
begin
DATA(p") ~— DATA(LCHILD(p'));
PRIORITY(p’) «— PRIORITY(LCHILD(p"));
LEMPTYNODES(p’) « LEMPTYNODES(p") + 1;
send (pz, xmax-adjust(LCHILD(p’)")
end
else




begin
DATA(p’) « nul};
PRIORITY(p’) «~ -1
end

Processor p;, (2 < ¢ < L), upon receiving zmas- adjust(p)) executes the following
codes.

receive(pis1, ((PRIORITY(RCHILD(p)),DATA(RCHILD(p))),
(PRIORITY(LCHILD(p)),DATA(LCHILD(p)))) )i
if DATA(RCHILD(p)) # null or DATA(LCHILD(p)) # null then
if DATA(RCHILD(p)) > DATA(LCHILD(p)) then
begin
DATA(p) «~ DATA(RCHILD(p));
PRIORITY(p) «— PRIORITY(RCHILD(p));
REMPTYNODES(p) — REMPTYNODES(p) + 1;
send(pi41, ‘xmax-adjust(RCHILD(p)’)
end
else
begin
DATA(p) — DATA(LCHILD(p));
PRIORITY(p) — PRIORITY(LCHILD(p));
LEMPTYNODES(p) « PRIORITY(p) + 1;
send(pi41, ‘xmax-adjust(LCHILD(p)’)
end
else
begin
DATA(p) « null;
PRIORITY(p) « -1
end
Remark 2 The elements stored in the apex nodes are not ranked in any particular
order. This speeds up the insertion process, but will lead to O(M) time for deletion.
It is possible to insert the el ts in such a way that the element with the highest
priority is always available at the leftmost apex, in this case, locating the correct
apex to initiate the insertion takes O(M) time. This method seems to be more
efficient because a portion of the time spent to find the correct position can be
overlapped with the time spent to locate an apex with zero REMPTYNODES or
zero LEMPTYNODES. In the algorithms presented above we have used the first
approach. The latter approach will be reported in another report.

From the properties of SW-banyan graphs and the above algorithms we can state
the following results.

Lemma 1 a) The insert-adjust operation never encounters a node which is non-null
and has zero LEMPTYNODES and zero REMPTYNODES. b) The insert-adjust
operation always finds @ null node to insert its element.

Proof a) If operation xmax-adjust encountered a non- null node with LEMPTYN-
ODES and REMPTYNODES fields equal to zero then it must have been initiated
from an apex with both REMPTYNODES and LEMPTYNODES equal to zero.
This is impossible according to the algorithm for INSERT. b) Proof is immediate
from the proof of part a and the definitions of LEMPTYNODES and REMPTYN-
ODES.

Remark 8 Deletion of an element from partition i may cause one of the elements
in other partitions whose nodes are reachable from apex i to become null. This
happens if a delete operation causes the xmax-adjust, on its way down the heap, to
move up the content of one of the leaf nodes of partition i to fill up its parent which
has been emptied by xmax- adjust operation at the previous step. The emptiness
of this node now will be reflected in the REMPTYNODES or LEMPTYNODES of
apex i. This node is now reachable by partition from apex i and will be filled by
an ingertion initiated at apex i. The maximum number of nodes that may become
reachable by partition from apex i as a result of a deletion is equal to (L+1) - L’
where L’ is the depth of partition i.

Lemma 2 Zero REMPTYNODES and zero REMPTYNODES for an apez does
not imply that all the nodes in the corresponding partition are non- null.
Proof From remark 3.

Lemma 8 Apezi, (1 <1< N), always contains the element which has the highest
priority among the elements stored in the nodes of partition i.
Proof From algorithms for XMA X, zmaz-adjust, INSERT, and insert-adjust.

Lemma 4 The element with the highest priority is always reported by operation
XMAX.

Proof: From lemma 4 and the first part of algorithm for XMAX.

Definition 10 A partition induced by LEMPTYNODES and REMPTYNODES
fields of apez i 18 the set of all nodes which are reachable by partition from apez
i

4 Retrieval at Percentile Levels

One of the most important advant of banyan heap hine over the binary
heap machine and Tanaka's machine is that it is possible to retrieve elements at
different percentile levels. In this section we derive formulas for the percentile level
of the element reported by operation XMAX for different cases.

Definition 11 An element removed from a banyan heap i3 at percentile ¢ if at at
least ¢ percent of the elements stored in the heap have priority less than or equal to
the priority of the deleted element.

We define REMPTY NODES; and LEMPTY NODES; to denote respectively the
value of REMPTYNODES field and LEMPTYNODES field of apex i. The proof
of the following 4 1 are i diate from the definitions of REMPTYNODES
and LEMPTYNODES.

Lemma § The total number of null nodes which are reachable by partition from
apez i is REMPTYNODES; + LEMPTYNODES;.

Lemma 6 If an MzM partitioned rectangular SW-banyan banyan heap is full up to
apez d then

é
S (REMPTY NODES; + LEMPTY NODES)) = 0.
i=1
Lemma 7 In an MzM rectangular SW-banyan, the total number of null nodes
reachable by partition from apezes 1 through d, written NULLNODES(M,d), is given
by:

4

= E(REMPTYNODES; + LEMPTYNODES;) + K.
=t

where K is the number of null apezes i, (i< d).

Lemma 8 The total number of non-null nodes in a MzM partitioned rectangular

SW-banyan, written NONNULLNODES(M,M), is M (log M+1)-NULLNODES(M,

NULLNODES(M,d)

Lemma 9 The total number of partitions of depth k in a full partitioned banyan
heap up to apex d, written NPy, is given by:

_15_2:_1

where NP, = |§].

Proof. We prove this lemma by induction on d.
Basis: Ford=1, NP;=0forall1<j<logN +1.
Induction: Assume that

NP, L—E'———-J

Consider d+1. Either d is even or it is odd. If d is even then apex d+1 is the root
of a partition with depth 1. Therefore,

d+1-TKINP - (NP +1
NP =| + =3 2: (NP + )J,
that is,
NP, _l_E:_J

For the case that d is odd we consider two subcases: Apex d + 1 is either the root
of a partition of depth k or it is the root of a partition with depth &, (h < k). If
d + 1 is the root of a partition of depth d then we will have

d+1-THINP;

NPo+1= |y,

Since d is even then we have

o

NP,.+1—-1+|_—-L—--~—J
or

— k-1 -
L >~ Lo )

If apex d + 1 is the root of a partition with depth h where 1 < k < log N + 1 and
h # k then we have




NP, =|

d+1-Tigir1;s NP — (NP +1)
; b
or

d-THINP;
NP = (2 EETE

Lemma 10 The total number of non-null nodes in a full MzM partitioned rectan-
gular SW-banyan up to apez d, writien size(M,d), is given by:

MlogM 4 )
size(M,d)= Y 2"+ NP2
=0 =t

Proof From lemma 9.
Lemma 11 If an MzM rectangular SW-banyan partstioned heap s full up to apez
d then the element stored ot apez 1 is at percentile level
(2M - 1) + 100
size(M, d)

Proof size(M,d) is the total number of nodes in an MxM rectangular SW-banyan

heap which is full up to apex d and 2M — 1 is the total number of nodes in partition
1.

Lemma 12 In an MzM partitioned rectangular SW-bdanyan heap which is full up to
apez d, if operation XMAX investigates i,(1<d), non-null apezes then the percentile

of the reported element is
size(M, 1) + 100
size(M,d)

Proof From lemma 10.

L 18 If operation XMAX apezes 1 through d in an MzM rectangu-
lar banyan heap then the percentile of the reported element is smaller than or equal
to
size(M,d) « 100
(size(M,M) - NULLNODES (M, M))’
Proof If a banyan heap is full up to apex d thehTy lemma 12 the percentile of the
element reported by operation XMAX is

size(M,d) » 100
size(M,d)
By lemma 7, this can be written as
size(M, d) + 100
(size(M, M) - NULLNODES(M,M))’

But the banyan is not full up to apex d and therefore some of the nodes which are
reachable from apexes 1 to d are null. Let F be the total number of such nodes.
Therefore the percentile of the element reported by XMAX operation will be

(size(M,d) — F) + 100
(size(M,M) — NULLNODES(M,M))’

This proves the lemma.

Remark 4 A partition banyan heap can be converted into a banyan heap by an
operation called adjust. M log M — 2 adjust operations are broadcast by XMAX
operation when it inserts an element into an empty partition. These adjust opera-
tions cause some the elements in the nodes of those partitions which are reachable
from apex i to move up and fill up the nodes of partition 5. As a result, all the
nodes whose contents (empty or non-empty) have been moved by adjust operation
become reachable by partition from apex i. It should be noted that some of the
adjust operation initiated at processor p, by XMAX operation may not have any
effect on the structure of the heap. The advantage of banyan heap over partitioned
banyan heap is that it allows a more uniform distribution of data elements among
the partition in the heap and leads to a more uniform increase in the percentile
level of the reported el t as the ber of d apexes is increased. Al-
gorithms for XMAX , zmaz-adjust and sinsert-adjust are the same as partitioned
banyan heap. The operation INSERT and the new operation adjust are described
in details in [31).

5 Conclusion

Two new designs for priority queue machine are proposed in this paper. The first
machine, called binary heap machine, is a linear array of logN processors, one
for each level of the heap. Like all the existing machines for priority queue, this
machine also receive a stream of INSERT and XMAX operations and executes
them in a piplined . The resp time for XMAX, and pipeline period
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for both the XMAX and INSERT op is O(1), independent of the length of
the array of processors. However, it takes O(logN) time for each of the XMAX
or INSERT operation to be executed. The second design is called banyan heap
machine. Processors in the banyan heap machine are connected together to form
a linear array, but unlike the binary heap machine they do not have geometrically
varying size memory. The algorithms for XMAX and INSERT operations are the
extension of those for the first machine to more general acyclic graphs called banyan.
INSERT and XMAX operations both require O(M) time to be completed where M
is the number of apex processors in the banyan heap machine. By using banyan
heap instead of heap, it is possible to retrieve el ts at different p tile levels.
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