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ADBSTRACT

A class of interconnection networks is studied as a communication medivm in multi-processing systems.
These networks, termed expanding and contracting SW-banyan networks, recently introduced by DeGroot. In
this paper a new method for computing the number of permutations realized by this class is given. It is shown
that the known method for computing this number can not be used lor any SW-bhanyan network. Finally, we
stdy different classes of expanding and contracting NxN SW-banyan networks with respect to three different
performance measures: number of links, number of switches, and blockage of the neiwork. We derive conditions
on fanout and spread vectors of SW-banayan networks Lo minimize one or more of these quantities.

Index terms: banyan networks, SW.banygan, blockage, combinatorial power,
L INTRODUCTION

A fundamental class of interconnection networks, in the context of mulli- processing systems, is called banyan
neiworks and were first proposed by Goke and Lipovski[l]. The banyan class contains a very rich and wsclul
subelass of neiworks called L-stage banyan neiworks [1],[2]. A variety of special cases of L-stage banyan netwaorks
have received considerable attention in the design and in the literature. Large banyan networks can be synthesized
from smaller ones. This is illustrated in Figure 1{a). The interconnection of these banyan networks can be
represented by a switching network as in Figure 1(b). A cross-bar switch is a trivial one level banyan network.
l-stage banyan networks are synthesized recursively from cross-bar switches as in Figure 1{b). Two of the most
natable subclasses of an L-stage banyan are Delta networks [4),[5],[6], and SW.banyan netwarks. The well known
networks such as Omega networks(T], Indirect Binary n-Cube netwarks[s], STARAN Rip networks[9] and Base-
line networks[10] are all special cases of Delta networks. The characteristic property of a Delta network is a simple
decentralized routing algorithm based on “destination tag”. The SW-banyan class is a proper subset of banyan
nelworks that can be constructed recursively [rom smaller SW-banyans, Another interesting class of SW-banyan
networks is Expanding and Contracting SW-banyan networks which have been studicd in [2],[11),[12])[13].

In this paper we study the performance of expanding and contracting SW-banyan networks with respect to
four parameters, namely, number of permutations realizable, number of links, number of switches and number
of blockage in the network,

In section [] different classes of banyan networks are described. In section 11, we compute the pumber of per-
mutations realized by a given L-stage expanding and contracting 5W-banyan network, We show that the method
due to Bhuyan and Agrawal [14] for computing the number of permutations realized is incorrect. We introduce
a new method for computing this quantity. Finally, a trade off between path blockages and combinatorial power
of a network is discussed. In section IV different classes of expanding and contracting NxN SW-banyan networks
are analyzed with respect to different performance measures such as number of links, number of switches and
blockage in the network. We find conditions on elements of the fanout vector aml spread vector such that one
of more of these parameters are minimired.

II. BANYAN NETWORILKS

A banyan graph is a lHasse diagram of a partial ordering in which there is only one path from any base 1o
any apex. A base is defined as any vertex with no arcs incident into it and an apex is defined as any vertex with
no arcs incident out of it, and all other vertices are called intermediates. In a computer aystem, the set of hases
may correspond lo processors, Lhe set of apexes to memory and [/O devices and the intermediates to switch
nodes. One of the uselul property of a banyan network is that there is one and only one path from any hase 1o
any apex {(unique path network).

An L-level banyan network is a banyan graph in which the path from base to apex (or apex to base) is of
length L. Therefore, in an L-level banyan, there are L+1 level of nodes and L-level of edges. An L-level banvan is
an (L41)-partite graph in which the partitions may be linearly ordered from @ though L such that arcs exist only
from '® 1o (i + 1)'* partition. By convention, apexes{outputs) are considered to be at level 0 and bases{inpnis)
are at level L.

Definition 1: In a banyan network, the spread of a vertex is the out-degree of a node and the fapont of a
vertex is the in-degree of a node (the direction is [rom base to apex)

1017

T st P

-




Definitson 2: If all vertices within the same level of a banyan network have identical spread and fssout value
then the banyan is called nniform, Figure 2, otherwise it is called pon-uniform.

In & uniform bauyan network, the fanout values and the spread values may be characterized by L componcut
vectars, F = (fo, fi,..., fo=1) and § = (21, 93,...,3L), the [ancut vector and spread vector, respectively, where
s, and f, denote the spread and fanout of & node at level 1. Note that 5, ® fi-y is the size of the switches at level
fyfor 1 <o < L and fi = 89 = 0.

Definition 3: a4 = fi, 0 €9 € L=1, that is § = F then the banyan network is called rectangular, Figure
3. I sip1 # [, for some 0 £ 4 £ L — 1, then it is called non-rectangular.

Definition §: If every component of 5 is equal to some constant 5 and every component of F is equal to sume
constant f then the banyan is called regular, Figure 4. otherwise it is irregular,

If s = f this implies that F=5 and the banyan network is both regular and rectangular which is called
strongly rectangular.

SW-Danyan Networka:

Let A be the set of apexes (output terminals) and B be the set of bases (input terminals). Given 8 € B and
a € A, define H(a), (2 reachability set for apex a), to be a set of all nodes at level 2, (0 < £ € L), which are
reachable from apex a, and Ry(b), (£ reachability set for base b), to be a set of all nodes at level £, (0 < 2 < L),
which are reachable from base b, Clearly,

fola) = {a)

Re(a) =B, theset of input terminals (bases).
Halb) = A, the set of output terminals {apexes).
Re(b) = (b}

Definition 5: An L-stage unilorm banyan is called SW-banyan if and ouly if either one or both of the fullowing
conditions is Lrue.

1) Refa) = Rilay) or Rofa)[|Raefa,) =9
2} Ralb) = R.{i,] or H;I_h}n Relby) =9
for ag,ay € A b b, € Hand 0 <€ 2 € L. In other words, A banyan network is SW-bauyan if and only if for any
two bases by and b (or any two apexes oy and ay, their reachability scts at each level are disjoint or identical.
If an L-stage uniform banyan network satisfics either 1) or 2) but not both then it is called one-way SW-
banyan network. 1 condition (1) is true then it is called input SW-banyan and il condition (2} is true then it is
called output SW-banyan. If both 1) and 2) are true, then it is called two-way SW-banyan.
From the definition of the L-stage uwniform NxM banyan networks it follows [2] that

L L=l
N= H - M= H i
T h =g

Given this [actoncation for N and M, an L-stage input SW-banyan network is defined recursively as follows:
The input stage (stage L) is made of N/sp cross-bar swilches, each of size 3¢ + fr—1. This stage is followed Ly
fe—y blocks. Each of these blocks is an (L-1)-stage block structured SW-Banyan network and its input stage
contains Nfapa,_ ) cross-bar swilches of size a2~y % fi—3. The recursion stops at stage 1. The output terminal
of switches in stage 1 are connected to the input terminals of blocks in stage 1+ 1. Below we state some theorems
and corollaries which discuss topological feature of SW-banyan networks [2].

Theorem 1: For any level 1 in an SW-banyan 0 € ¢ < L — 1, nopi841 = nfy, where n, is the number of
wodes at level 5.

Theorem 2: For any uniform L-level SW-banyan n; < niga il and only if f, > s.41. Furthermore, n, > n.41
if and only if f, < s,43, and n, = n,4 if and only if fi > s.41.

Theorom 3: In a rectangular 3W-banyan n, is constant and equal to [H], the number of bases in the banyan,
forv<i< L.

Corollary 3.1: Un,=ngaforalls, 0 << L =1, then F =3,

Theorem 4: Each base of an L-level SW-banyan reaches 2,519,042 ... 80 nodes at Jevel s, 0 <0< L =1,

Corollary 4.1: The number of apexes in a uniform SW-banyan is sgayez ... 82

Corollary 4.2: Each node at level 1, 0 < ¢ < L, reaches sga;93 ... 5, apexes.

Theorem 5: Every apex in a uniform L-level SW-banyan reaclres fofi ... fi—1 noedes at Jevel o, 0 <0 < L,

Corollary 5.1: The number of bases in a uoiform SW-banyan is fofi fa... fi.

Cuorollary 5.2: Each node at level 4, 0 < 6 < L, reaches [, fig1 .- - fo bases,

Theorem G6: In & 3W-banyan network, the number of apexes equals the number of bases il and ooly o
Jofv.o fo-n = ms2.. a0
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