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Abstract
In this paper, a new delay shift approach for learning in an RBF-like neural network
structure of spiking neurons is introduced. The synaptic connections between the input and the
RBF neurons are single delayed connections and the delays are adapted during an
unsupervised learning process. Each synaptic connection in this network is modeled by a
learning automaton. The action of the automaton associated with each connection is
considered as the delay of the corresponding synaptic connection. It is shown through
simulations that the clustering precision of the proposed network is considerably higher than
that of the existing similar neural networks.
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1. Introduction
In the theory of artiﬁcial neural networks (ANNs), various models have been
proposed for the processing elements or ‘‘neurons’’, which are classiﬁed in three
generations by Maass [10]. The ‘‘McCulloch and Pitts’’ model is considered as the
ﬁrst generation of artiﬁcial neurons. In this model, the output of a neuron can only
have one of two possible values, which usually are 0 and 1. In sigmoidal neurons,
which are considered to be the second generation of neurons, the output of a neuron
is a continuous value, usually between 0 and 1, which is generated by a sigmoid
function of a weighted sum of input variables. From the biological point of view, this
continuous output indicates the ﬁring rate of the neuron at each time.
Biological observations have shown that in some cases, the ﬁring rate cannot be
the only signal transmitting information from one neuron to another. It seems that
the time delay of an input spike may contain information. For example, it has been
shown that the time required for pattern analysis and classiﬁcation in human beings
is about 100 ms, and the image constructed on retina passes through at least 10
synaptic stages sequentially in the visual pathways [17,21]. Because of the low ﬁring
rate of cortical neurons (about 100 Hz), there is no sufﬁcient time for sampling the
inputs to ﬁnd their frequency. Moreover, von der Malsburg has shown in [22] that
considering temporal coding for neurons can easily overcome some problems of
static coding (which is based on ﬁring rate) such as the superposition catastrophe.
Following these observations, the third generation of neuron models, i.e. spiking
neurons, which are more realistic models of learning in biological neurons, have been
proposed. In these models, action potentials are received by a neuron with different
delays and weights and are integrated together to generate the membrane potential
of the neuron. When this membrane potential exceeds a threshold, the neuron ﬁres
and produces a spike in its output. In these models, the time at which an output spike
is produced, can indicate the output information of the neuron. Albeit, in some kinds
of these models, both the time and the rate of spike generation may contain
information [6].
Various models are reported for spiking neurons by Gerstner [6]. Two
types of these models are the Leaky Integrate and Fire (LIF) model and the
Spike Response Model (SRM). Recently, the learning problem in a network of
spiking neurons has attracted a number of researchers. One reason for this interest is
that learning in these networks can be considered as a more realistic model of
learning in the biological neural networks. Moreover, in some applications,
the spiking networks have much less computational complexity than the sigmoidal
nets [10,11].
Some researchers have developed modiﬁed versions of more conventional learning
algorithms of sigmoidal neural networks for learning in spiking neural networks
(SNN’s). For example, error backpropagation method for SNN [2], Kohonen selforganizing layer [19] and other self-organizing networks [3] with spiking neurons,
spiking Hopﬁeld networks [12], associative memories with spiking neurons [20], the
RBF networks of spiking neurons [15,8,1], and spiking Boltzman machines [7] have
been presented.
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In the networks of spiking neurons, learning of synaptic delays can be considered
as an addition to, or as a replacement of, the learning of synaptic weights. There are
two approaches for computational implementation of delay learning [4]. The ﬁrst
one is called delay selection and the second one is called delay shift. In the delay
selection method, the output of a neuron is assumed to be connected to the input of
another neuron by multiple connections (which are called synaptic terminals), each
with a different ﬁxed delay, such that these delays cover a speciﬁc range of time. The
strengths of these connections are updated by learning algorithms. Then, the weights
of connections with more suitable delays will be increased and the weight of
connections with unsuitable delays will be decreased. A learning algorithm based on
this method is reported in [15]. In delay shift, it is supposed that only one delayed
synaptic connection exists between two neurons. A model of learning based on delay
shift is presented in [5].
One of the important applications of spiking networks is data clustering. An RBFlike network of spiking neurons used for this purpose, was ﬁrst proposed by Hopﬁeld
[8]. The main idea in [8] is that a spiking neuron, as an RBF neuron, has a center
which is encoded by the vector of the input synaptic delays. If an input vector, which
is temporally encoded, is near to the center of this neuron, the neuron ﬁres; and
otherwise, it does not ﬁre. Moreover, the nearer to a reference time the RBF neuron
ﬁres, the nearer is the input vector to the RBF center. Based on this idea, the vector
of synaptic delays for each RBF neuron can be considered as the prototype of a
cluster, and learning these delays is equivalent to clustering the input space. Many
ﬁndings in neurobiology show the correctness of this idea [16]. Ruf et al. have
proposed a learning method based on Hebb’s rule for delay selection in synaptic
terminals of such an RBF network [15,18]. Bohte et al. [1] have indicated two
problems for this network. The ﬁrst problem is unsuitable clustering for problems
for which the number of clusters is greater than the input dimensionality. The second
problem is the low clustering precision of this network. They have proposed a
population coding to overcome the ﬁrst problem [1]. Actually, by this coding, the
input dimensionality is artiﬁcially increased and then clustering is performed in the
resulting problem with high dimensional inputs, by the method of [15]. To overcome
the second problem, a variable number of receptive ﬁelds in population coding is
considered and another layer of neurons is added to the network [1]. These
modiﬁcations lead to a network with more complex structure and also higher
number of neurons.
In this paper, a new version of the network reported in [15] is proposed. The
proposed network is different from the network reported in [15] in both structure
and learning method, and it overcomes the two previously mentioned problems
rather simply. The proposed network not only avoids increasing the number of
neurons, but also makes the structure of the network simpler than the one reported
in [15]. The structural differences of the proposed network consist of: (1) replacement
of multiple connections (synaptic terminals) between input and RBF neurons in [15]
by single connections in the new network, and (2) elimination of lateral and selfinhibitory connections of [15] in the proposed network (but there is a mechanism of
ﬁnding winner neurons in our network, as will be seen, which can be considered as
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a replacement of lateral inhibitory connections). In the proposed network, rather
than a Hebb rule, learning automaton is used as a model for learning [14]. Using
learning automaton, we model synapses in a probabilistic manner by assigning
probabilities to synaptic delays. Every time an input is presented to the network, the
learning automata update these probabilities. This process continues until the
probabilities of optimal delays approach 1 and the probabilities of other delays
approach 0. We also have implemented the network proposed in [18] and compared
it with the proposed method for high dimensional problems. It is shown that the
clustering precision of the proposed network is considerably higher than that of the
network reported in [18].
The rest of this paper is organized as follows. Section 2 describes the structure and
the operation method of our network. A brief introduction to learning automata is
given in Section 3. Section 4 describes the process of learning in the proposed
network. In Section 5, the performance of the network is shown through
experimental results. The last section gives the conclusions.

2. Structure and operation of the proposed network
The proposed network has a two-layer feed-forward structure, as shown in
Fig. 1(a). The ﬁrst layer (input layer) contains m neurons and the second layer (RBF
layer) contains n neurons. There is one single synaptic connection between each
input neuron and each RBF neuron. The weight of this connection is constant and
equal to 1 and does not change during the learning process. Here, synaptic delays are
the subject of learning. RBF neurons are Leaky Integrate and Fire (LIF)-type
spiking neurons whose ﬁring thresholds are considered to be constant. The input
vector indicates the ﬁring times of the input neurons and each element of the vector is
in the range ½0; T ref : When an input vector is presented to the network, the input
neurons ﬁre at the time determined by the vector and generate a spike at their
outputs. For applications with non-temporal data, as in the experiments on realworld problems reported in Section 5.2, the input data is only interpreted as the
ﬁring time of the input neurons. The spikes, passing through synapses, become wide
and delayed which are called Post Synaptic Potentials (PSPs) in this time (Fig. 1(b)).
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Fig. 1. (a) Structure of the network, (b) a synapse and its effect on the signal. I i is the ith dimension input,
Oj is the jth dimension output, ti is the ﬁring time of ith input neuron, and d ij is the delay of synaptic
connection between input neuron i and output neuron j:
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In the LIF model the equation of a PSP that starts from time zero is deﬁned as
eðtÞ ¼

t ð1t=sÞ
e
;
s

(1)

where s deﬁnes the width of PSP (Fig. 2). The membrane potential of an RBF
neuron is obtained from summation of its input PSPs and the neuron ﬁres when the
membrane potential exceeds ﬁring threshold value (Fig. 3). After ﬁring, a neuron
cannot ﬁre any more for a period of time called refractory period.
The output of the jth RBF neuron in the LIF model, which is the neuron’s ﬁring
time here, is obtained by solving the following equation for t; given the temporal
coded input vector (t1 ; . . . ; tn ÞT :
Pmj ðtÞ ¼

m
X
i¼1

PSPðt; ti ; d ij Þ ¼

m
X

eðt  ti  d ij Þ

i¼1

m ðt  t  d i Þ
X
i
i
j
eð1ðtti d j Þ=sÞ ¼ Thr;
¼
s
i¼1

where (d 1j ; . . . ; d m
j ) is the synaptic delay vector of the RBF neuron number j:
The ﬁring threshold is considered sufﬁciently large and therefore the neuron can
ﬁre only when its input PSPs are considerably near to each other in the temporal
domain. The center of an RBF neuron is deﬁned based on delays of its input synaptic
connections (d i ’s) as follows:
C ¼ ðc1 ; . . . ; cm ÞT ¼ ðT ref  d 1 ; . . . ; T ref  d m ÞT ;

d i 2 ½0; T ref :

(2)

The network learns in an unsupervised manner. That is, when an input vector is
presented to the network, the centers of RBF neurons are updated such that they
ﬁnally reside near the center of the existing clusters in the input space and this way a
clustering operation is performed.

Fig. 2. Graph of a postsynaptic potential (PSP).
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Fig. 3. Plots for (a) presynaptic potentials, (b) postsynaptic potentials, and (c) membrane potential of an
RBF neuron with three inputs. [t1,t2,t3] is the input pattern vector which deals with ﬁring times of input
neurons, [d1,d2,d3] is the synaptic delay vector, Thr is the ﬁring threshold, and ft is the ﬁring time for the
RBF neuron.

3. Learning automata
Learning in an automaton can be expressed as determining an optimal action out
of a set of allowable actions. These actions are presented to an unknown stochastic
environment. The environment produces an output signal in response to the input
action which acts as a feedback signal in the automaton’s learning. The relation
between an automaton and its environment is shown in Fig. 4. An automaton that
operates in a random environment and during the operation enhances its
performance is called a learning automaton [14]. The environment is deﬁned by a
triple fa; C; bg; where a ¼ fa1 ; a2 ; . . . ; ar g is the set of inputs to the environment (or
actions of the automaton), b is the set of possible values for the output of the
environment (the output indicates to what degree the current action is suitable), and
C ¼ fc1 ; c2 ; . . . ; cr g is the set of punishment probabilities for each possible input that
always are unknown.
Learning automata (LA) can be classiﬁed into two main families, ﬁxed and
variable structure learning automata [14]. Below we give a brief introduction to
variable structure learning automata which will be used in this paper.
A variable-structure automaton is represented by sextuple ha; b; F; P; G; Ti; where
b is a set of inputs, F a set of internal states, a a set of outputs, P denotes the state
probability vector governing the choice of the state at each stage k; G is the output
mapping, and T is a learning algorithm. The learning algorithm is a recurrence
relation and is used to modify the state probability vector. It is evident that the
crucial factor affecting the performance of the variable structure learning automata,
is the learning algorithm for updating the action probabilities.
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Fig. 4. Relation of learning automaton with its stochastic environment.

Learning automatons, based on the environment type, are divided into three
groups [14]: (1) P-models: In these models the output of the environment can take
only one of two values, 0 or 1. (2) Q-models: In these models the output of the
environment can take a value in a set of discrete values in the range ½0; 1: (3) Smodels: In these models the output of the environment is a continuous random
variable with values in the range ½0; 1: The random environment can be stationary or
non-stationary. In the ﬁrst case, the punishment probabilities ci ’s are constant while
in the second case these probabilities can vary with time.
3.1. P-model variable structure learning automata
The general reinforcement scheme for these learning automata can be described as
follows: assume that pk ðnÞ is the probability of occurrence of action k at the current
step n; aðnÞ is the current action, and r is the number of actions of an automaton. The
vector pðnÞ ¼ ½p1 ðnÞ
pr ðnÞ shows the action probabilities of the automaton. If
aðnÞ ¼ ai ; the probabilities of actions other than the current action i; are updated
based on Eq. (3), and the probability of current action i is updated based on (4) [14].
(
pj ðnÞ  gj ðpðnÞÞ; bðnÞ ¼ 0;
pj ðn þ 1Þ ¼
(3)
pj ðnÞ þ hj ðpðnÞÞ; bðnÞ ¼ 1;

pi ðn þ 1Þ ¼

8
r
P
>
>
p
ðnÞ
þ
gj ðpðnÞÞ;
>
i
>
>
j¼1
<
jai

bðnÞ ¼ 0;

r
P
>
>
hj ðpðnÞÞ;
pi ðnÞ 
>
>
>
j¼1
:
jai

bðnÞ ¼ 1:

(4)

P
It can be observed from the above equations that
jai gj ðpðnÞÞ is used for
rewarding
the
current
action,
g
ðpðnÞÞ
is
used
for
punishment
of action
j
P
j; jai; jai hj ðpðnÞÞ is used for punishment of the current action, and hj ðpðnÞÞ is
used for rewarding action j; jai: Functions hð Þ and gð Þ usually have linear forms
given by
gj ðpðnÞÞ ¼ apj ðnÞ;
b
 bpj ðnÞ:
hj ðpðnÞÞ ¼
r1

ð5Þ
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The automaton, deﬁned by the above equation, is called LR2P (Linear
Reward–Penalty) for a ¼ b; LR2I (Linear Reward–Inaction) for b ¼ 0; LR2P
(Linear Reward-epsilon-Penalty) for abb; and LI2P (Linear Inaction–Penalty) for
a ¼ 0 [14]. These names, also are used for other linear forms of functions hðÞ and gðÞ:
Generally speaking, for LR2I we always have hj ðpðnÞÞ ¼ 0 and for LI2P we always
have gj ðpðnÞÞ ¼ 0:
3.2. S-model variable structure learning automata
This model differs from the P-model in that bðnÞ is a continuous variable between
0 and 1. Therefore, the previous general reinforcement scheme (Eqs. (3) and (4)) can
be generalized as follows [14]:
8
aðnÞaak ;
< pk ðnÞ  ð1  bðnÞÞgk ðpðnÞÞ þ bðnÞhk ðpðnÞÞ;
P
P
pk ðn þ 1Þ ¼ pk ðnÞ þ ð1  bðnÞÞ
gj ðpðnÞÞ  bðnÞ
hj ðpðnÞÞ; aðnÞ ¼ ak :
:
jak
jak
(6)
Again, functions hð Þ and gð Þ usually have linear forms. For gi ðpðnÞÞ ¼ api ðnÞ and
hi ðpðnÞÞ ¼ 0 ð0oao1Þ the automaton is called SLR2I , and for gi ðpðnÞÞ ¼ api ðnÞ and
hi ðpðnÞÞ ¼ a=ðr  1Þ  api ðnÞ ð0oao1Þ it is called SLR2P [14]. Eqs. (7) and (8) show
updating rules for action probabilities in these automata [14]:
8
aðnÞaai ;
< pi ðnÞ  að1  bðnÞÞpi ðnÞ;
P
SLR2I : pi ðn þ 1Þ ¼ pi ðnÞ þ að1  bðnÞÞ
(7)
pj ðnÞ; aðnÞ ¼ ai ;
:
jai

SLR2P : pi ðn þ 1Þ ¼

 a
8
>
 api ðnÞ
p
ðnÞ
þ
bðnÞ
>
i
>
r1
>
>
>
< að1  bðnÞÞpi ðnÞ;
pi ðnÞ  abðnÞpi ðnÞ
>
>
>
P
>
>
pj ðnÞ;
>
: það1  bðnÞÞ

aðnÞaai ;

(8)

aðnÞ ¼ ai :

jai

For gj ðpðnÞÞ ¼ 0 and hj ðpðnÞÞ ¼ bpj ðnÞ the automaton is called SLI2P ; whose
updating rule for action probabilities is as follows:
8
aðnÞaai ;
< pi ðnÞ þ bbðnÞpi ðnÞ;
P
SLI2P : pi ðn þ 1Þ ¼ pi ðnÞ  bbðnÞ
(9)
pj ðnÞ; aðnÞ ¼ ai :
:
jai

4. The process of learning in the proposed network
After learning is completed, each RBF neuron represents a cluster, such that by
presenting each data of a cluster to the learnt network, the RBF neuron, which
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represents this cluster, ﬁres at a time which is the nearest ﬁring time to a reference
time in comparison with other RBF neurons. The desired time for the ﬁring is the
reference time which occurs when the input vector coincides with the center of the
RBF neuron. The reference time is T ref þ Idealft which will be explained later in
Section 4.1.
Suppose that (t^1 ; t^2 ; . . . ; t^m ÞT temporally represents the center of a cluster. We want
that the center of one of the RBF neurons ﬁnally coincides with this cluster. Based
on Eq. (2) the goal will be as follows:
C ¼ ðc1 ; . . . ; cm ÞT ¼ ðT ref  d 1 ; . . . ; T ref  d m ÞT ¼ ðt^1 ; . . . ; t^m ÞT

(10)

and consequently:
d 1 þ t^1 ¼ d 2 þ t^2 ¼

¼ d m þ t^m ¼ T ref :

(11)
T

During learning, by presenting an input vector (t1 ; t2 ; . . . ; tm Þ from a cluster with
center (t^1 ; t^2 ; . . . ; t^m ÞT to the network, the probability of delays on input synapses to
an RBF neuron are updated based on the ﬁring time of this RBF neuron, such that
ﬁnally the Eq. (11) becomes true for one of the RBF neurons.
The model of learning automaton is used for learning in the network. One LA is
assigned to each synapse (Fig. 5). Actions of each LA denote possible values for
delays that a synapse may assume. For example, if LA has 50 actions which are
delays in the range ½0; 10; then the actions of LA are a1 ¼ 0:0; a2 ¼
0:2; . . . ; and a50 ¼ 9:8: The feedback signal to the LA from the environment is
obtained from the ﬁring time of the corresponding RBF neuron. Since the
environment of an LA is an RBF neuron and the feedback signal to the LA is
generated inside the network during its operation (i.e. without extra information
from outside), the learning from the neural net point of view is an unsupervised
learning.
At the beginning of each learning cycle, each LA selects one of its actions (synaptic
delay) as a sample realization of its probability vector. Then one input vector is
presented to the network. Based on the synaptic delays, the RBF neurons ﬁre in
different times (or do not ﬁre at all). Then, for neurons that ﬁre, if the ﬁring time is
close enough to the reference time then the environment provides a response
indicating that the current actions or a set of actions of the learning automata
LA

Feedback=f(mft)

d

Delay=d
Input
Neuron

..
.

RBF
Neuron

Fig. 5. The role of LA in the network. One learning automaton is associated to each synapse which emits
the delay of the synapse in its output. The Feedback signal from the environment is a function of modiﬁed
ﬁring time of the corresponding RBF neuron.

ARTICLE IN PRESS
344

P. Adibi et al. / Neurocomputing 64 (2005) 335–357

associated to that RBF neuron are favorable. If the ﬁring time is not close to the
reference time, then the environment response indicating that the actions of the
learning automata associated to that RBF neuron are unfavorable. For this network,
various learning automata are tested in order to ﬁnd a reliable and accurate learning
method. In addition to the simple learning methods, two new LA-based strategies
are proposed. These strategies are designed in such a way that the network works
well for clustering tasks. We next discuss these strategies.
4.1. Simple strategies
At the beginning of each learning cycle (i.e. presenting each input to the network)
each learning automaton is activated and generates an action as the corresponding
synaptic delay. Firing time (ft) for each RBF neuron is determined by the synaptic
delays and the current input. For neurons which do not ﬁre, the ﬁring time is
considered to be inﬁnity. The modiﬁed ﬁring time (mft) for each neuron is calculated
as follows:
mft ¼ jft  ðT ref þ IdealftÞj;

(12)

where Idealft or ideal ﬁring time is the time at which the RBF neuron ﬁres if the PSPs
of all the input synapses start to rise from the time zero. That is, if a zero input vector
is fed to a network with m input neurons and one RBF neuron with a zero delay
vector, then the ﬁring time of the RBF neuron will be Idealft. It means that the ideal
value for mft is zero and occurs when the input vector coincides with the center of the
RBF neuron. Because, in this situation, the starting time of PSPs of all synapses of
the RBF neuron (ti þ d i ’s) will be T ref (Eq. (11)) and based on the deﬁnition of
Idealft, the ﬁring time will be T ref þ Idealft; which results in mft ¼ 0: The feedback
signals from the environment for all LAs of the input synapses to the RBF neuron
are computed as follows:
b1 ¼ minð1; mft=MODWIDÞ;
(
1; b1 40:5;
b¼
0; b1 p0:5;

(13)
(14)

where the parameter MODWID is called modiﬁcation width and is used as a
measure of closeness of ft to the reference time, T ref þ Idealft: Then the action
probabilities for the learning automata are updated based on the signals b1 for the SModel and b for the P-Model environment. From these equations we can see that
lower mft causes more favorable responses and higher mft causes more unfavorable
responses from the environment, and this leads to the minimization of mft: During
the next learning cycles, one input from each cluster is presented to the network and
the action probabilities are updated. This process continues until all inputs are used.
Then, the whole process is repeated until the network converges or the number of
iterations exceeds the maximum iteration parameter Maxiteration. Experimental
results for LR2I ; LR2P ; LR2P ; SLR2I ; and SLR2P methods are presented in
Section 5.1.1.
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4.2. Combined strategies without neighborhood modification
4.2.1. SLR2I þ SLI2P method
In this method, during each learning cycle the modiﬁed ﬁring time is computed
from Eq. (12). Then, if at least one neuron has been ﬁred, the probabilities of actions
of the LAs assigned to the input synapses of the neuron with minimum mft are
updated according to the SLR2I method. For other neurons which are ﬁred and
their mft’s are less than a threshold MODWID_H (MODWID_H4 MODWID), the
probabilities of their synaptic delays are updated according to the SLI2P method. In
fact this combined strategy can be interpreted as a competitive learning process; the
winner neuron (i.e. the neuron with minimum mft) whose center is close enough to
the input data, is rewarded, the other neurons whose centers are more or less close to
the input data are punished, and remaining neurons whose centers are far from the
input are left without any change. The environment feedback signal for SLR2I
method is b1 and for SLI2P method is b01 ¼ 1  b1 (b1 is obtained from (13)). In the
SLI2P method, the closer mft is to time zero, the greater a penalty must be
considered for the current action or a set of actions of LA. This is the reason why we
have used b01 ¼ 1  b1 for this punishment.
4.2.2. LR2I þ LI2P method
This method is similar to the SLR2I þ SLI2P method except that the
feedback signal is b for LR2I and b0 ¼ 1  b for LI2P ; where b is obtained from
(14). Updating of action probabilities for LR2I and LI2P methods is performed
according to (7) and (9), where the feedback signals in these equations are considered
as above.
4.3. Combined strategies with neighborhood modification
These methods are generalizations of the LR2I þ LI2P method. In these methods
rather than rewarding or punishing only the current action of an LA, the
neighboring actions of the current action or the neighboring actions of the optimal
action are rewarded or punished, too. Note that actions of each learning automaton
indicate synaptic delays.
4.3.1. Updating neighborhood of actions with optimal action as its center
In this case, if at least one neuron is ﬁred, for the neuron with minimum mft the
probabilities of actions in a neighborhood around the optimal action of the LAs
corresponding to input synapses of that neuron are updated according to the LR2I
learning algorithm. For other neurons which are ﬁred and their mft’s are less than
MODWID_H; the probabilities of actions in a neighborhood around the optimal
actions of the learning automata corresponding to input synapses of those neurons
are updated according to the LI2P learning algorithm. Other neurons remain
unchanged. The center of the neighborhood is the optimal action whose index
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(Bai: Best action index) is calculated as follows:
Bai ¼ Round

T ref  ti
;
DBA

(15)

where ti is the ﬁring time of the neuron correspond to this synapse and
Distance Between Actions (DBA) is equal to T ref =r and indicates the time
distance between actions, and r is the number of actions of the automaton.
Optimal actions of the input synapses to an RBF neuron, indicate the delay
vector which causes the center of the RBF neuron to coincide with the current input
vector.
An interval around the optimal action with radius RRS1 (Radius of Reward Set 1)
and another interval with radius RRS2 (Radius of Reward Set 2) such that
RRS1oRRS2 are deﬁned. The actions in regions 1 and 2 as indicated in the Fig. 6
constitute the neighbors of the optimal (best) action.
The values of the radiuses of these intervals are calculated as follows:
RRS1 ¼ Round

STDV
;
DBA

f  STDV
;
DBA

RRS2 ¼ Round

(16)

where STDV is an approximation of the standard deviation of input clusters,
f is a parameter with value greater than 1, and DBA is the distance between
actions.
Using this neighborhood, two regions 1 and 2 are deﬁned as shown in
Fig. 6. These regions are named RS1 (Reward Set 1) and RS2 (Reward
Set 2), respectively. Updating of action probabilities is performed in three steps as
follows:
1. Applying the LR2I method with parameter a1 for rewarding optimal action (Bai)
(
pi ðnÞ þ a1 ð1  pi ðnÞÞ; i ¼ Bai;
pi ðn þ 1Þ ¼
(17)
pi ðnÞ  a1 pi ðnÞ;
iaBai:

1

2

1

2

Bai
RRS1
RRS2

RRS1
RRS2

Fig. 6. Reward neighborhoods around the best action. The most reward is assigned to action Bai, and
after it to actions in regions 1 and 2, respectively.
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2. Applying the LR2I method with parameter a2 for rewarding the actions in RS1
8
p ðnÞ  a2 pi ðnÞ;
ai eRS1; iaBai;
>
< i
a2 X
pi ðn þ 1Þ ¼ pi ðnÞ þ
(18)
p ðnÞ; ai 2 RS1;
>
NRS1 jeRS1 j
:
jaBai

where NRS1 denotes the number of actions in RS1:
3. Applying the LR2I method with parameter a3 for rewarding the actions in RS2
8
pi ðnÞ  a3 pi ðnÞ;
ai eRS2; ai eRS1; iaBai;
>
>
<
a3 X
pj ðnÞ; ai 2 RS2:
(19)
pi ðn þ 1Þ ¼ pi ðnÞ þ NRS2
>
jeRS1
>
:
jeRS2
jaBai

where NRS2 denotes the number of actions in RS2:
Depending on the size of the intervals, parameters a1 ; a2 ; and a3 are determined in
such a way that the optimal action earns maximum reward, actions in RS1 earn
lower, and actions in RS2 earn the lowest reward.
If Bai is very close to action zero or action r  1; such that parts of the
neighborhood lie outside of the range of actions, then the intervals as deﬁned in
Fig. 6 will be shortened. That is the values NRS1 and/or NRS2 are updated to
indicate this change. Using the above equations for updating action probabilities is
no problem as a result of shortening these intervals.
The above learning process was for the winner neuron. For other neurons with
mft’s less than MODWID_H, the optimal action and the corresponding neighborhoods are obtained similarly and the LI2P method is used to punish the actions in
the total neighborhood (regions 1 and 2 in Fig. 6). The index of the best action (Bai)
and the corresponding intervals are obtained as before but here the names RRS1;
RRS2; NRS1; NRS2; RS1; and RS2 denoting reward (R) are replaced with names
RPS1; RPS2; NPS1; NPS2; PS1; and PS2 denoting penalty (P). Also in the
relations (17)–(19), reward parameters a1 ; a2 ; and a3 are replaced with penalty
parameters b1 ; b2 ; and b3 as given in relations (20)–(22). Updating of action
probabilities for these neurons are performed in three following steps:
1. Applying the LI2P method with parameter b1 to punish optimal action (Bai)
8
i ¼ Bai;
< pi ðnÞ  b1 pi ðnÞ;
b1
(20)
pi ðn þ 1Þ ¼
:
p ðnÞ þ pi ðnÞ; iaBai:
r  1 Bai
2. Applying the LI2P method with parameter b2 to punish the actions in PS1
8
ai 2 PS1;
>
i ðnÞ;
< pi ðnÞ  b2 p
P
b2 j2PS1 pj ðnÞ
(21)
pi ðn þ 1Þ ¼
>
: pi ðnÞ þ r  1  NPS1 ; ai ePS1; iaBai:
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3. Applying the LI2P method with parameter b3 to punish the actions in PS2
8
ai 2 PS2;
>
< pi ðnÞ  b3 pi ðnÞ;P
b3 j2PS2 pj ðnÞ
pi ðn þ 1Þ ¼
>
: pi ðnÞ þ r  1  NPS1  NPS2 ; ai ePS2; ai ePS1; iaBai:
(22)
Again, parameters b1 ; b2 ; and b3 are determined depending on the size of the
intervals in such a way that the optimal action earns maximum penalty, actions in
PS1 earn lower, and actions in PS2 earn the lowest penalties. In this method the
environment feed-back signals are computed like the b and b0 signals in the LR2I þ
LI2P method. Note that relations (17)–(19) are used when b ¼ 0 and relations
(20)–(22) are used when b0 ¼ 1:
4.3.2. Updating a neighborhood of actions with current action as its center
In this method the center of the neighborhood is assumed to be the current action
of LA. Therefore, the method is like the previous method except that the index Cai
(Current action index) is used in place of Bai.
Decreasing learning parameters: A heuristic rule which has shown good results in some
unsupervised learning methods, such as the SOM of Kohonen [9], is to use a decreasing
learning rate during the learning process. We tested this heuristic rule and allow the
learning parameters a1 ; a2 ; a3 and b1 ; b2 ; b3 in Eqs. (17)–(22) to decrease linearly. As
shown in Table 4, this rule produces better clustering results in real world problems.
Definition of convergence: Before we present simulation results, we give our
deﬁnitions of convergence.
 Convergence of an LA: When an action (or a set of at most 2 CONVWID þ 1
adjacent actions) has a probability of more than CONVTHR; we say that the LA
has converged.
 Convergence of RBF neurons and network: If all LAs of synapses of an RBF neuron
have converged, we say that the neuron has converged. If all of the neurons in a
network have converged, we say that the network has converged. We stop an
experiment when the network converges in the above sense or when we have
reached the predeﬁned maximum number of iterations.
 Convergence of an RBF neuron to a cluster: If an RBF neuron for almost all
samples of a cluster has the lowest mft among all RBF neurons, and almost all
samples of other clusters do not have the lowest mft; we say that the neuron has
converged to the cluster.

5. Evaluating the model
The evaluation of the proposed model is presented in this section. In Section 5.1
various LA-based methods are ﬁrst tested on synthesized problems. Then, the
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method which has shown the best performance in these experiments is tested on
several difﬁcult clustering data sets, in Section 5.2.
5.1. Clustering of synthesized data sets
In this section, various learning methods presented in Section 4 are evaluated
using a simple two-dimensional (2-D) clustering problem and the 40-D problem used
in [18]. It is shown that the accuracy of the proposed net is better than that of the
network discussed in [18]. For all experiments reported in this section, learning
parameters are ﬁxed throughout the experiments.
5.1.1. Two-dimensional problem clustering
A 2-D clustering problem with nine clusters is considered. Each element of the
input vector is in ½0; T ref ; where T ref ¼ 10 ms: Each cluster contains ten samples and
the distribution of clusters is Gaussian with a standard deviation of 0.2 ms (Fig. 7).
For this problem, a network with two input neurons (m ¼ 2) and nine output neurons (n ¼ 9) is used. The learning cycle duration is 50 ms and the
refractory period is 30 ms. The values of the other parameters are selected as
follows: T ref ¼ 10 ms; t ¼ 3 ms; Thr ¼ 1:93; Idealft ¼ 2:265 ms; MODWID ¼ 0:5 ms;
MODWID_H ¼ 1:57 ms; STDV ¼ 0:2; r ¼ 50 (number of actions of each LA), f ¼
2 (in Eq. (16)), and Maxiteration ¼ 200: The initial values of the synaptic delays are
selected randomly in the ½0; T ref ] interval (Fig. 8). Two additional parameters
CONVWID ¼ 4 and CONVTHR ¼ 0:95 are used for deﬁning the convergence of
LAs, as mentioned at the end of Section 4.3. As stated before, the total number of
input patterns is 90 and these patterns are presented to the network at most
Maxiteration times. Variable r counts the number of these presentations. For each
method, we have repeated the experiment with 20 different random initializations.
Tables 1–3 show the results. In these tables, the second column shows the average
percentage of the number of correctly converged neurons (i.e. the neurons which are

Fig. 7. 2-D clustering problem used for testing the network.
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Fig. 8. Initial values for the RBF neurons centers (circles) which are selected randomly.

Table 1
Experimental results for simple strategies on 2-D problem
Method

Average number of correctly
converged neurons (%)

Average network
convergence rate (%)

Average r

LR2I
LR2P
LR2P
SLR2I
SLR2P

61.66
0
0
60.00
0

100
0
0
100
0

28.75
—
—
18.50
—

Table 2
Experimental results for combined strategies without neighborhood modiﬁcation on 2-D problem
Method

Average number of correctly
converged neurons (%)

Average network
converged rate (%)

Average r

SLR2I þ SLI2P
LR2I þ LI2P

72.77
70.13

100
100

13.95
10.63

Table 3
Experimental results for combined strategies with neighborhood modiﬁcation on 2-D problem
Method

Average number of correctly
converged neurons (%)

Average network
converged rate (%)

Average r

Optimal action as the center
Current action as the center

100
74.44

100
20

26.45
81.75
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converged to a separate cluster center) in 20 simulation runs. The third column
shows the percentage of times that the network is converged. The fourth column
shows the average number of iterations required for the network convergence. The
deﬁnition of convergence is presented at the end of Section 4.3. The results of various
learning methods are discussed below in more details.
Results for simple strategies: Table 1 shows the experimental results for simple
strategies. The learning parameters used for various methods are as follows: a ¼ 0:1
for LR2I ; a ¼ b ¼ 0:1 for LR2P ; a ¼ 0:1 and b ¼ 0:001 for LR2P ; a ¼ 0:2 for
SLR2I ; and a ¼ b ¼ 0:1 for SLR2P :
The results of the experiments show that among all the above methods, only for
LR2I and SLR2I ; which are pure reward methods, the network has completely
converged. Even for these two methods not all the clusters are detected (only about
60% of neurons have converged correctly to a separate cluster center). It seems that
such simple methods are not capable of performing a suitable clustering task.
Results for combined strategies without neighborhood modification: Table 2 shows
the experimental results for combined strategies without neighborhood modiﬁcation.
The learning parameters used for these two methods are a1 ¼ 0:3 and a2 ¼ 0:03:
Through the simulation runs, the network has completely converged for both
methods, as shown in the third column of Table 2, but still not all clusters are
detected (only about 70% of neurons have converged correctly). The fourth column
of Table 2 shows that the convergence occurs faster than the simple strategies.
In the combined strategies, as explained in Section 4.2, a competitive learning
method is considered, where the winning neuron is updated using SLR2I or LR2I
method, and other neurons whose centers are close to the winner’s center are
updated using SLI2P or LI2P : The performance of this strategy is better than that of
the simple strategies, because of its competitive nature and simultaneous consideration of pure reward and pure punishment for different neurons.
Results for combined strategies with neighborhood modification: Table 3 shows the
experimental results for combined strategies with neighborhood modiﬁcation. The
two following methods are evaluated:
(a) Updating a neighborhood of actions with the optimal action as its center.
(b) Updating a neighborhood of actions with the current action as its center.
For both methods, the learning parameters are selected as follows: a1 ¼ 0:3; a2 ¼ 0:3;
a3 ¼ 0:1; b1 ¼ 0:2; b2 ¼ 0:2; b3 ¼ 0:05: The values of neighborhood parameters with
f ¼ 2 in (16) are RRS1 ¼ RPS1 ¼ 1; RRS2 ¼ RPS2 ¼ 3; NRS1 ¼ NPS1 ¼ 2; and
NRS2 ¼ NPS2 ¼ 4: Here, the value of CONVWID is selected to be equal to RRS2:
Through all the simulation runs for method (a), the network has completely
converged and all neurons have correctly converged to cluster centers, as shown in
Table 3. But for method (b), only in 20% of simulation runs the network has
converged.
The difference between the combined strategies with and without the neighborhood modiﬁcation, as explained in Section 4.3, is the use of a new updating rule. In
the new updating rule, instead of only one action, a set of neighboring actions are
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updated. Based on this modiﬁcation which improves the reliability of the clustering
task, in addition to the action corresponding to the current neuron center, the
actions in its neighborhood are also updated. This means that instead of one point,
an area in the input space is rewarded (or punished) in each updating step. Note that
the actual center of a cluster is more probable to be inside an area than to coincide
exactly with a point.
In case (a) above, the optimal action which is the action coinciding with the
current input data, is considered as the center of the neighborhood; while in case (b),
the current action which may have a small distance from the current input data is
considered as the center of the neighborhood. The neighborhood of case (a) which is
symmetric around the current data seems to be a better candidate for action
probability updating than the neighborhood of case (b) which is not symmetric
around the current data. The reason is that the later may result in rewarding (or
punishing) some irrelevant actions. As shown in Table 3, the performance of case (a)
is better than that of case (b).
Selecting the best LA-based method: To compare the performance of various LAbased methods, the reliability and speed of convergence can be considered as the
evaluation factors. An acceptable clustering method is expected to perform a reliable
correct clustering for the above 2-D problem which is a moderately simple clustering
case. Therefore, the reliability is more critical than the speed in the above
experiments. Tables 1–3 show that in 20 simulation runs the network has always
converged only for ﬁve learning methods (the methods with 100% network
convergence in the third columns of the Tables 1–3). Among these methods,
only one method has always correctly converged to cluster centers (the method with
100% correctly converged neurons in second column of Table 3). Therefore, this
method is the only reliable method among the various LA-based methods. The
number of required iterations for this method is not minimal, but it is acceptable in
comparison with other methods (the fourth column of the Tables 1–3). As mentioned
before, the speed of convergence is not as important as the reliability in the above
experiments.
From these experiments, we may conclude that the method LR2I þ LI2P with
updating neighborhoods centered on the optimal action has a better performance
compared to the other methods. For this reason, this method is selected for
conducting more experiments in the rest of the paper.
Output modification: In the previous experiments, the learned centers were
identiﬁed based on the action of each LA which has the highest probability of
selection and therefore each element of a center vector was a discrete quantity. This
results in a quantization error in determining the centers. To avoid such an error, we
consider the lth element of the center of a jth RBF neuron as follows:
P
l
l
i2Sði0 Þ ðT ref  d ji Þpji
l
P
cj ¼
; j ¼ 1; . . . ; n; l ¼ 1; . . . ; m;
(23)
l
i2Sði0 Þ pji
where d lji is the synaptic delay of ith action of the automaton in lth dimension of the
jth RBF neuron, i0 is the index of the action with most probability in this
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Fig. 9. The result of LR2I þ LI2P method with updating neighborhood centered on the best action and
modiﬁed output.

automaton, Sði0 Þ is an interval of the actions of the automaton with center i0 and
radius CONVWID, plji is the probability of ith action of the automaton, clj is the 1th
element of the center of jth RBF neuron, m is input dimensionality, and n is the
number of RBF neurons. Based on (23), not only the action with most probability
but also other actions in an interval around this action contribute (proportional to
their probabilities) to determining the centers of the clusters. Fig. 9 shows the centers
obtained from LR2I þ LI2P Method with updating neighborhood centered on the
optimal action, modiﬁed according to Eq. (23).
Experiments with various numbers of RBF neurons: Up to now, we considered the
number of RBF neurons equal to the number of clusters. But in many applications
for clustering the number of clusters is not known a priori. Thus, it is useful to
evaluate the effect of the number of RBF neurons (n) on the performance of the
proposed method. In the previous 2-D problem the number of clusters is p ¼ 9: We
showed results for the case in which the number of neurons is equal to the number of
clusters (n ¼ p). Now two cases are considered: ﬁrst, the number of neurons is lower
than the number of clusters (nop), and second, the number of neurons is greater
than the number of clusters (n4p).
In the ﬁrst case (nop), n neurons have always converged to n clusters and other
clusters remain without prototype. In the second case (n4p), also p neurons have
converged to p clusters and the remaining neurons have converged near to the cluster
centers or remain unconverged. Therefore, the performance of the method in these
cases is suitable and does not lead to incorrect clustering. It means that for an
application, if the number of clusters is not known a priori, we can increase the
number of RBF neurons one by one and repeat the learning process until the new
neuron converges near the previous ones. In this step, the number of clusters is
found. This number is the number of neurons whose centers are not very close to
each other.
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5.1.2. Forty-dimensional clustering problem
In this section, the performance of the proposed network is evaluated for high
dimensional input data and compared with the network proposed in [18].
Experiments are performed on a 40-D clustering problem similar to one used in
[18]. A 40-D clustering problem with 3 clusters is considered. Each element of the
input vector is in ½0; T ref  interval (T ref ¼ 10 ms). Each cluster contains 50 samples.
The distribution of clusters is Gaussian with standard deviation of 0.1 ms.
The characteristics of the network, except for the following items, are similar to
that of the network used for previous 2-D problem: m ¼ 40 (number of input
neurons), n ¼ 3 (number of RBF neurons), Thr ¼ 25; Idealft ¼ 0:9447; STDV ¼ 0:1;
and CONVTHR ¼ 0:9:
The results of the previous method (LR2I þ LI2P method with updating
neighborhood centered on the optimal action, without decreasing learning
parameters) are acceptable. In all of the ten experiments conducted with this
method with different random initializations, the RBF neurons converged to the
cluster centers. For the sake of comparison we implemented the network and
learning method proposed in [18] with the same parameters reported there. In the
proposed method the average number of required iterations and the average mean
square error are ravg ¼ 8:9 and MSE avg ¼ 0:00232; respectively, while these values
for the method proposed in [18] are ravg ¼ 7:6 and MSE avg ¼ 0:04268; respectively.
It can be seen that with comparable number of iterations, the accuracy of clustering
in the proposed method is considerably higher. One reason for this higher accuracy is
the selection of parameter r equal to 50 which leads to more number of delays in each
connection than that of the network proposed in [18], where number of delays in
each synaptic connection, is equal to the number of synaptic terminals (16 in [18])
which is ﬁxed and is part of deﬁnition of the network structure. In the experiments
the mean square error is computed according to the following equation:
Pm Pn
i
i 2
i¼1
j¼1 ðcj  uj Þ
MSE ¼
;
(24)
n m
where n is the number of RBF neurons (number of clusters) (here n ¼ 3), m is the
input dimensionality (here m ¼ 40), cij is the ith element of the center of jth RBF
neuron, and uij is the ith element of the true center of jth cluster.
5.2. Clustering real-world data sets
The ﬁnal set of experiments is conducted on complex multidimensional data of
real-world problems to compare the clustering ability of the proposed net and the kmeans clustering method. Several standard benchmark databases have been selected
from the UCI Repository of Machine Learning Databases [13] for this purpose. In
all experiments, we have split the data set into two disjoint subsets. The training
subset has been presented to the network in the training phase, while the test subset
has been used to measure the classiﬁcation performance of the trained network. Each
of the two subsets has 50% of the samples.
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Table 4
Correct classiﬁcation percentage on real world problems
Problem

Proposed method
without decay

Proposed method
with decay

k-means

BalanceScale
Glass
Hayes-roth
Ionosphere
Iris
PimaIndiansDiabetes

55.290
35.922
43.846
72.162
71.667
65.183

60.924
35.922
47.293
74.007
86.111
65.183

63.871
35.922
40.769
44.828
74.444
65.445

Table 4 shows the correct classiﬁcation rates resulting for the proposed and kmeans methods. The second and third columns in this table indicate the cases where
the proposed method learning parameters (of Eqs. (17)–(22)) are ﬁxed and are
decreasing, respectively. In these experiments, all samples of the training subset are
presented to the network. After completion of the training, the winning neuron for
all the samples of the training subset is determined. For every neuron, its receptive
ﬁeld, i.e. the set of training samples for which this neuron is the winner, is then
computed. Each neuron is then assigned to the class with the most training samples
in its receptive ﬁeld. The test samples are then presented to the network one by one.
If the winning neuron corresponds to the class of the test sample, we count it as a
successful classiﬁcation. Otherwise, it is a classiﬁcation failure. We have repeated
each experiment for ﬁve different random initializations. The average of the
classiﬁcation rates obtained for these runs is reported in Table 4.
The parameter values used in the above experiments are as follows: Thr ¼ m=2;
r ¼ 200; DBA ¼ T ref =r; Idealft ¼ 0:696; MODWID ¼ 1:9; MODWID_H ¼ 2:7;
STDV ¼ 0:15; f ¼ 1:6; a1 ¼ 0:3; a2 ¼ 0:3; a3 ¼ 0:1; b1 ¼ 0:2; b2 ¼ 0:2; and b3 ¼
0:05: Note that the above values of the learning parameters (a1  a3 and b1  b3 ) for the
method with decay are their initial values. Parameter m shows the number of input
neurons which is ﬁxed to be equal to the dimensionality of the problem. Parameter n; the
number of RBF neurons, is equal to the number of classes in each problem, and T ref is
set to 10 ms for all data sets. All data sets are initially normalized in the interval ½0; 10:
For the k-means method, parameter k is equal to the number of classes for each problem.
Results reported in Table 4 show that decreasing the learning parameters during
the learning process improves the performance of the proposed method. Table 4 also
shows that the performance of the proposed method with decreasing learning
parameters is generally better than the k-means method. This is because that k-means
method always ﬁnds the hyper-spherical clusters, while the proposed method
considers limited elongations by tuning its parameters.

6. Conclusion
In this paper, a new version of the RBF network reported by Ruf et al. [15,18] was
proposed. In the proposed network, rather than using a Hebb rule the model of
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learning automaton has been used for realization of delay shift in synaptic terminals
of the network. The proposed network provides simpler solutions to the problems in
Ruf’s RBF network as reported in [1], i.e. the clustering of low dimensional inputs is
performed correctly, as compared to the net of [18] which was unable to do this, and
the clustering of high dimensional inputs is performed more precisely than by the net
of [18]. The proposed method was tested on a number of real world problems.
Experiments showed the superiority of the proposed method over the k-means
method.
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