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Current technology trends have led to the growing impact of process variations on performance of
asynchronous circuits. As it is imperative to model process parameter variations for sub-100nm
technologies to produce a more real performance metric, it is equally important to consider the
correlation of these variations to increase the accuracy of the performance computation. In this paper,
we present an efﬁcient method for performance evaluation of asynchronous circuits considering interand intra-die process variation. The proposed method includes both statistical static timing analysis
(SSTA) and statistical Timed Petri-Net based simulation. Template-based asynchronous circuit has been
modeled using Variant-Timed Petri-Net. Based on this model, the proposed SSTA calculates the
probability density function of the delay of global critical cycle. The efﬁciency for the proposed SSTA is
obtained from a technique that is derived from the principal component analysis (PCA) method. This
technique simpliﬁes the computation of mean, variance and covariance values of a set of correlated
random variables. In order to consider spatial correlation in the Petri-Net based simulation, we also
include a correlation coefﬁcient to the proposed Variant-Timed Petri-Net which is obtained from
partitioning the circuit. We also present a simulation tool of Variant-Timed Petri-Net and the results of
the experiments are compared with Monte Carlo simulation-based method.
& 2009 Elsevier Ltd. All rights reserved.
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1. Introduction
In asynchronous circuits, local signaling eliminates the need
for global synchronization which exploits some potential advantages in comparison with synchronous ones [1–5]. They have
shown potential speciﬁcations in low power consumption, design
reuse, improved noise immunity and electromagnetic compatibility. Asynchronous circuits are more tolerant to process
parameter variations [1].
One of the interesting features of asynchronous circuits
comparing with their clocked counterparts is better average-case
performance [4,5]. However, the performance analysis of asynchronous circuits is a complicated problem and without an
effective performance analysis method, one cannot easily take
advantage of the properties of asynchronous systems to achieve
optimal performance [6]. There are two major technical difﬁculties involved in the performance analysis of asynchronous
systems. First, unlike clocked circuits where clock boundaries
form natural partitions for logic between stages to be analyzed
individually, an asynchronous circuit is inherently non-linear,
meaning there is no easy way to partition the system into
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independent sub-systems. The systems have to be analyzed as a
whole. Second, as the functionality of the system is dependent on
the concurrent events, variations in delays mostly caused by
process variations in individual components can have considerable effect on the performance of the system. As a result,
performance analysis based on the average delay is not accurate.
As process variations become a signiﬁcant problem in deep
sub-micron technology, it is really necessary to shift from
deterministic timing analysis to statistical timing analysis for
high-performance asynchronous circuit designs similarly to what
is done in synchronous ones [7,8].
In the ﬁrst part of this paper, a novel performance analysis of
asynchronous circuits is introduced which basically considers
process variation as it is one of the most important issues in the
recent methods of performance analysis in synchronous circuits
[9]. In our approach a synthesized template-base asynchronous
circuit is modeled as a Variant-Timed Petri-Net that captures
concurrency between interactive components in decision-free
[10] systems. Delay variations in component delays caused by
process variations are captured in a probabilistic delay model. As
the variability of process parameters is naturally random, in order
to analyze the effect of the process variations, we applied a
statistical approach to the proposed timing analysis. The main
goal of the proposed statistical performance analysis is to
calculate the probabilistic density function of a performance
metric. The proposed method is implemented and tested on the
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benchmark circuits modeled in Variant-Timed Petri-Net and its
results are compared with the Monte Carlo simulation-based
results. The difference between the two methods was shown to be
small, ranging from 1.7% to 5.5%. But it is possible to introduce a
more accurate method. In fact in order to make the problem
simpler, the correlation between the process parameters is not
considered in the ﬁrst step of the process variation-aware
performance analysis of asynchronous circuits.
Fundamentally, process variations can be classiﬁed into interdie (also called chip-to-chip) variations and intra-die (also called
within chip) variations. Process parameters that change from die
to die are called inter-die variations while process parameters
that have different values at different points on a die are called
intra-die variations. It is noticeable that the intra-die process
variations of a gate are spatially correlated with other gates found
in its neighborhood [11]. It means that the process parameters
values of the gates that are close to each other have a higher
probability of being alike than devices that are placed far apart. In
order to have a more accurate analysis, it is important to consider
the spatial correlation of intra-die parameter variations in
addition of incorporating the process variation issue into the
analysis.
The second part of this paper includes a more efﬁcient and
accurate performance analysis method for asynchronous circuits
considering process variation and also incorporating the correlation between process parameters into the analysis [12]. Again a
synthesized template-base asynchronous circuit is modeled as a
Variant-Timed Petri-Net and also a probabilistic delay model is
used to capture the delay variations in component delays which
are caused by process variations. As previously we have a
statistical approach to the proposed performance analysis to
analyze the effects of the process variations. In the second step of
the process variation-aware performance analysis of asynchronous circuits, it seems that the calculations will be more complex
and therefore a more complicated model and analysis method
will be a necessity.
A multi-level quad-tree partitioning was used to extract the
correlation between the process parameters during the analysis
[11]. The main goal of the proposed statistical timing analysis is to
calculate the probabilistic density function of a performance
metric. The random variables for each process parameter are
correlated to each other with different amounts of correlation.
Principal component analysis (PCA) is used to make the analysis
tractable [13,14]. PCA transforms a set of correlated variables into
smaller set of principal components that are independent and
orthogonal. In addition, a Variant-Timed Petri-Net simulator
which supports probability density function as the delay of its
places is developed to evaluate the performance of the circuit. The
correlation coefﬁcients obtained from the mentioned multi-level
quad-tree partitioning are applied in the analysis to consider the
spatial correlation in Variant-Timed Petri-Net based simulation.
Both the proposed SSTA and Petri-Net simulation-based method
are implemented and tested on the benchmark circuits modeled
in Variant-Timed Petri-Net and its results are compared with the
Monte Carlo simulation-based results again. The difference
between the proposed methods and MC simulation results was
shown to be small, ranging from 0.22% to 3.62%.
Comparing the results of the proposed methods with each
other and with Monte Carlo simulation method, we show that
considering spatial correlation in process variation-aware performance analysis reduces the error in the analysis and makes the
method more accurate.
The remaining part of the paper is organized as follows;
Section 2 provides a survey of previous works. In Section 3,
some knowledge about process variation and statistical static
timing analysis is presented. Section 4 describes Variant-Timed

Petri-Nets as the dominant performance analysis model. Section 5
introduces the primary statistical performance analysis method
and shows the relevant results. Section 6 shows the multi-level
quad-tree partitioning used to compute the coefﬁcient correlations that are applied in the analysis to consider the spatial
correlation. Section 7 discusses the statistical static performance
evaluation framework. This considers the spatial correlation, in
detail. Section 8 introduces the Variant-Timed Petri-Net Simulator. Section 9 presents a comparison of the accuracy of the two
methods and shows that the second step improves the process
variation-aware analysis. In Section 10, we explain about the
modeling and its issues. In the last section, we conclude the paper
and probable future works in this scope are proposed.

2. Previous works
There are few works that consider probabilistic delay models
in the performance analysis of asynchronous systems [5,7,15,16].
In [5], a method for analyzing the asymptotic performance of
asynchronous systems considering delay variation was presented.
However, it focused on modeling at system architecture level and
did not consider circuit modeling issues such as delay variations
due to the process variation. Recently Yahya and Renaudin [17]
proposed a performance model for asynchronous linear-pipeline
with time variable delays. But in practical designs, asynchronous
pipelines can be linear or non-linear and their method cannot be
applied to non-linear models easily.
Moreover, none of the above approaches considered the
correlation of parameters variation. However, to realize the full
beneﬁt of variation-aware performance analysis, one must solve a
difﬁcult problem that timing variables in a circuit could be
correlated due to inter-parameter dependency, chip-to-chip
variation, and within chip spatial dependency.

3. Background
This section reviews technical backgrounds on modeling
necessary for the development of this paper.
3.1. Process variation
One of the most important features of deep sub-micron scale
CMOS technology is the increasing magnitude of variability of the
key parameters which affects performance of integrated circuits.
As process variations become relatively large due to technology
scaling, uncertainty in performance evaluation is becoming
increasingly signiﬁcant at 90 nm technologies and beyond. Therefore, considering the effects of process variation is an unavoidable
part of a design ﬂow for manufacturability. For the circuit
designer’s sake, the distinction is between inter-chip and intrachip variability [18]. Intra-die variations are variations in device
features that exist within a single chip, meaning that a device
feature varies between different locations on the same die. Often,
intra-die variations exhibit spatial correlations, where devices
that are close to each other have a higher probability of being
alike than devices that are placed far apart. Intra-die variation also
exhibit structural correlations, meaning that devices that are
structurally similar have an increased likelihood of having similar
device features, for instance, devices oriented in the same
direction tend to be more alike. Inter-chip variations are
variations that occur from one die to the next, meaning that the
same device on a chip has different features among different die
of one wafer, from wafer to wafer, and from wafer lot to wafer
lot [18].
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Historically, intra-chip variation of parameters could be
ignored safely in digital circuit design. But, the patterns of
variability are changing by shrinking the scale of the circuits.
For example, for 130 nm CMOS technologies, the percentage of the
total variation of the effective MOS channel length that can be
attributed to intra-chip variation can be up to 35% [19].
From statistical point of view, process variations can be
classiﬁed into systematic and random variations. As systematic
variations are deterministic in nature and are caused by the
structure of a particular gate and its topological environment, the
process engineer can predict the value of a variable deterministically (and thus analyze, correct, and compensate for it).
However, predicting systematic variations may not be feasible
for many practical designs because of the following two reasons.
First, accurate process simulations can be extremely expensive
and may not be applicable to large-size circuits. Second, a lot of
design information may not be available at the earlier design
stages, further limiting the accuracy of process simulation. For
example, placement and routing information is not available at
schematic design phase and, therefore, it is difﬁcult to predict
systematic variations for schematic design [13]. Now suppose that
the process engineer cannot correct the variant process parameter
non-uniformity. To a circuit designer, this source of variability
will appear statistical. As the placement of each die on the wafer
is unspeciﬁed and cannot be utilized, the circuit designer cannot
deterministically describe the values of parameter affecting each
die and thus only a statistical description is possible. Therefore,
considering process variation in timing analysis of a circuit
requires a statistical approach to the analysis.

3.2. Normal delay distribution approximations
The process parameter variations can be described as normal
distributions [13]. The delays, however, can be theoretically
modeled as arbitrary distributions for timing analysis. Arbitrary
distributions provide the most generality for static statistical
analysis. However, they often result in exponential complexity
when characterizing the joint probability density function
between different random variables.
In contrast, we propose that the gate delays and delays of
Timed Petri-Net model can be approximated by normal distributions, even though they are not strictly normal random variables.
One signiﬁcant advantage of treating the delays as nearly normal
distributions is that the joint distribution characterization (which
includes the correlation between different variables) is greatly
simpliﬁed. Through some experimental results (Fig. 1), we
conclude that the accuracy penalty incurred by this near normal
modeling assumption is negligible compared with the error
incurred by the loss of correlation information.
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3.3. Timed Petri-Net model
Petri-Nets are used as an elegant modeling formalism to model
concurrency, synchronization, and choice in many applications
including asynchronous circuit modeling [20]. A Petri-Net is a
triple N= (P, T, F) where P is the ﬁnite set of places, T the ﬁnite set
of transitions, and F D(P  T)[(T  P) is the ﬂow relation. The preset of an element xD (P[T) is deﬁned as x= {yAP[T|(y,x)AF} and
its post-set is deﬁned as x ={yAP[T|(x,y)AF}.
A marking is a token assignment for the places and represents
the state of the system. Formally, a marking is a mapping M: P{0,1,2,y} where the number of tokens in place p under marking M
is denoted by M(p). If M(p)40, then the place p has tokens within.
All the places in our simulation system are 1-bounded which
means that they maximally can contain only one token. A
transition t is enabled at marking M if M(p)Z1, 8pAt. An
enabled transition may ﬁre eventually in a feasible asynchronous
circuit speciﬁcation. The ﬁring of t removes one token from each
place in its pre-set and inserts one token to each place in its postset. Timed Petri-Net is a Petri-Net in which some transitions or
places can be annotated with delays. In traditional deterministic
performance analysis method, places were annotated with
deterministic delays as process variation was not an important
problem in designs. But as variations in process parameters
became considerable in new designs, the designers were motivated to analyze their designs considering process variation.
As a result, it is necessary to apply a performance model which
supports the required statistical approach in the modeling of
asynchronous circuits.

4. A performance model using Variant-Timed Petri-Net
(VTPN) model
Asynchronous circuits after decomposition can be considered
as a set of ﬁne grained concurrent modules each one is responsible
for producing a single variable. We model the network of
templates with a novel Variant-Timed Petri-Net model. The main
advantage of this model is that it can be used for simulation of
circuits in addition to static performance analysis. In this model,
the detailed structures of the original circuit including the
handshaking channels are preserved. We have developed a class
of models that fully supports full buffer templates [21].
The simplest form of a full buffer is a simple buffer that only reads
a value from its input and writes it to its output. This behavior can be
modeled simply as shown in Fig. 2. Transition tW is analogous to the
write statement while place pWa emulates the write acknowledge.
Similarly pF can be seen as the dual for read statement while tRa is
the corresponding acknowledge. This model is very similar to FCBN
model presented in [22] and the only difference is that we added tRa.
The reason for this is that the used deﬁnition of the hierarchical PetriNets has a restriction on the input and output ports; all outputs must
be transitions and all inputs must be places. This convention ensures
that unwanted choices or merge constructs cannot be formed when
connecting Petri-Net modules to each other.
We have considered delays on the places, therefore forward
delay and backward delay can be put on pF and pB. In this model,
the d(f) represents the forward latency of a channel, while the
corresponding d(p) represents the backward latency of channel.
We deﬁne these values as follows:

 The forward latency represents the delay through an empty
channel (and associated cell).

 The backward latency represents the time it takes the
Fig. 1. Delay error compare for 99% in CDF.

handshaking circuitry within the neighboring cells to reset,
enabling a second token to ﬂow.
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Fig. 2. A simple Full Buffer Template and its Corresponding Timed Petri-Nets model.

The values of these parameters are the normalized delays which
are back annotated from the associated cell layout. In other
words, the proposed template model exploits the normalized
delays model for the sake of accurate performance estimation.
Considering process variation in timing modeling necessitate
applying probability distribution functions as delay models which
will be more explained in further sections.
Performance of any computation modeled with a VTPN is
dictated by the cycle time of the VTPN and thus the largest cycle
metric. A cycle C in a VTPN is a sequence of places P1, P2, y, P1
connected by arcs and transitions whose ﬁrst and last places are
the same. The statistical cycle metric, (SCM(c)), is the statistical
sum of the delays of all associated places along the cycle C, d(c),
divided by the number of tokens that reside in the cycle, m0(c),
deﬁned as

operations ﬁrst. The three operations used in our method are
SUM, DIV and MAX.

SCMðcÞ ¼ dðcÞ=m0 ðcÞ

5.2. DIV operation

ð1Þ

The cycle time of a VTPN is deﬁned as the largest cycle metric
among all cycles in the Variant-TPN which must be computed
statistically, i.e. max(SCM(c))8cAC, where C is the set of all cycles
in the Variant-TPN.
In deterministic circuits, the cycle time is captured by the
maximum cycle metric of the corresponding TPN model which
can be resolved using traditional Maximum Mean-Cycle (MMC)
algorithms (the throughput of the circuit is the reciprocal of this
value). Karp’s [23] algorithm is one of the fastest and common
algorithms for this problem. Dasdan and Gupta [24] introduced a
more efﬁcient algorithm for MMC analysis.
One of the advantages of MMC method is its efﬁciency. With
the result of cycle time, we can ﬁnd the bottleneck of a circuit.
However, the solution is different in VTPN as the delays are
modeled statistically due to considering process variation.

5. The primary statistical performance analysis method
In this section, we deﬁne the modeling assumptions and our
proposed SSTA method and also the required operations used in
the method.
As mentioned, the delays must be modeled statistically. We
model the delays as random variables with normal distributions.
So each place in VTPN has a mean delay value, m, and a standard
deviation, s, which models its variation. In the proposed method,
we ﬁnd all the cycles of the marked graph ﬁrst. After that, we
calculate the statistical cycle metric of each cycle, and then, we
ﬁnd the maximum SCM as the critical metric and the relevant
cycle will be supposed as the critical cycle. In all steps of the
method, particular operations must be applied based on the
model used for modeling the delays in the graph.
As each delay is modeled as a random variable with normal
distribution, it is noteworthy to explain about the statistical

5.1. Sum operation
The sum of two random variables with normal distribution
results in a random variable with normal distribution. The two
parameters of the result, i.e. the mean, m, and the standard
deviation, s, are calculated as follows:
C ¼ SUMðA; BÞ ¼ Aþ B

mC ¼ mA þ mB
s2C ¼ s2A þ s2B þ 2 covðA; BÞ

ð2Þ

In calculating the SCM of a cycle, the sum of delay values of the
cycle will be divided by the number of the tokens in the cycle. As
the sum of the delays modeled by normal random variable is still
a normal random variable, the parameters of the division are
calculated as follows:

mA=n ¼
2
A=n

s

¼

mA
n

s2A
n2

ð3Þ

5.3. MAX operation
The maximum of two normal random variables does not
necessarily result in a normal random variable. The MAX of two
random variables with normal distributions A and B can be
approximated to another normal random variable C using the
relationship proposed in [25], that is as follows:
C ¼ MAXðA; BÞ
m þm
a ¼ A B b2 ¼ s2A þ s2B 2sA sB r
2
n1 ¼ ðm2A þ s2A ÞfðaÞ þ ðm2B þ s2B ÞfðaÞ þðmA þ mB ÞbjðaÞ
n2 ¼ mA fðaÞ þ mB fðaÞ þ bjðaÞ
mC ¼ n2

s2C ¼ n1 m2C

ð4Þ

Here, r represents the correlation coefﬁcient between A and B,
and j and f are the cumulative density function, CDF, and the
probability density function, PDF, of a standard normal (i.e., mean
0, STD 1) distribution, respectively.
In our method, as it is supposed that process variables do not
increase or decrease simultaneously and we have no assumption
on this factor, the correlation coefﬁcients are assumed to be equal

ARTICLE IN PRESS
M. Raji et al. / Microelectronics Journal 41 (2010) 99–108

to zero. Because of this and considering (5), the elements of the
covariance matrices are also equal to zero:
covðA; BÞ ¼ sA sB r

ð5Þ

After introducing the necessary functions, it seems to be
interesting to present the proposed method more perfectly:
Algorithm SSTA
Input: Variant-Time Petri-Net model of the Circuit
Output: Probability function of the performance
metric (m,s)
1. Findall the cycles of the VT Petri-Net [26].
2. Calculate the sum of the place delays along the cycle
using the SUM operation employing Eq. (2).
3. Divide the result of the previous step by the number
of the tokens in the cycle using the DIV operation,
employing Eq. (3).
4. Find the maximum SCM between the calculated SCMs in
the previous step using the MAX operation employing
Eq. (4).
As a result, we have the basic parameters of a normal random
variable as a metric to evaluate the performance of the VTPN.

6. Spatial correlation model
At chip level, the spatial correlated variations are most difﬁcult to
model. The challenging problem here is how to use the silicon data
measured by test structures to accurately extract the spatial
correlation for the entire chip that consists of millions of transistors.
One useful approach for modeling correlated intra-die variations is to partition the entire die into a number of grids [27]. The
intra-die variations in the same grid are fully correlated, while
those in close (far-away) grids are strongly (weakly) correlated.
The authors in [11] proposed another hierarchical approach for
modeling correlated intra-die variations (this model used here).
The key idea is to hierarchically divide the entire chip into a
number of regions using a multi-level quad-tree partition, as
shown in Fig. 3. At each level i, the die area is partitioned into 2i
by 2i rectangles. The 0th level, for example, contains one rectangle
only that covers the entire chip. An independent random variable
eij is assigned to each region (i,j) to model a portion of the total
intra-die variations. The overall variation of a template k is
expressed as the sum of the individual components eij over
all levels of the regions that overlap with the location of the
template k.
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Applying this model, we can consider the spatial correlation in
the performance analysis of asynchronous circuits which are
modeled with VTPN.

7. The improved statistical performance method considering
spatial correlation
Again in this step, we model the delays as random variables
with normal distributions. As mentioned, it is necessary to use a
more complicated model. So each place in VTPN has a mean delay
value, m, and a set of parameter variation. The linear model used
to approximate delay in the analysis is as follows:
d ¼ mþ

m
X

si Dpi

ð6Þ

i¼1

where d is the delay of a gate, m is the mean value for the delay; si
is the delay sensitivity of process parameter pi, Dpi is the
parameter variation in pi for this gate, and m is the number of
process parameters.
As mentioned earlier, the process parameters are correlated.
To model the intra-die spatial correlations of parameters, we
partition the die into a number of grids. Gates placed in close
proximity of each other will have many common intra-die
variation components resulting in a strong intra-die parameter
variation correlation. Gates that lie far apart on a die share few
common components and therefore have weaker correlation.
Under this model, a parameter variation in a single grid at
location (x0,y0) can be modeled using a single random variable
p(x0,y0). For each type of parameter, L random variables are needed,
each representing the value of a parameter in one of the grids in the
level L. In addition, we assume that correlation exists only among
the same type of parameters and there is no correlation between
different types of parameters. For example, the Lg values for
transistors in a grid are correlated with those in nearby grids, but
are uncorrelated with other parameters such as Tox or Wg in any grid.
Correlation is a challenging problem for statistical timing
analysis. When these relationships among process parameters are
taken into consideration, the correlation structure becomes even
more complicated. To make the problem tractable, we use the
principal component analysis (PCA) technique [14,13,1] to transform the set of correlated parameters into an uncorrelated set.
Given N process parameters X =[x1,x2, y, xN]T, the process
variation DX= X  mx, where mx is the mean value of X, is often
approximated as a zero-mean multivariate Normal distribution.
The correlation of DX can be represented by a symmetric, positive
semi-deﬁnite covariance matrix R. PCA decomposes R as follows:
R ¼ V tV T

ð7Þ

where t = diag(li)8i= 1,2, y, N, contains the eigenvalues of R, and
V= [V1,V2, y, VN] contains the corresponding eigenvectors that are
orthonormal, i.e., VTV= I (I is the identity matrix). Based on t and V,
PCA deﬁnes a set of new random variables:

DY ¼ t0:5 V T DX

ð8Þ

These new random variables in DY are called the principal
components. It is easy to show that all elements in DY = [Dy1,Dy2,
y, DyN]T are uncorrelated and satisfy the standard Normal
distribution N(0,1) [13].
Superposing the set of uncorrelated random variables of
parameters on the random variables in gate delay as in Eq. (1),
the expression of gate delay is then changed to the linear
combination of principal components of all parameters:
d ¼ mþ
Fig. 3. Hierarchical model for spatial correlation.

m
X
i¼1

ai pci

ð9Þ
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while pci are the principle components or factors of the delay. The
variance of d can be calculated as the sum of the squares of the
coefﬁcients, i.e.

s2 ¼

m
X

The maximum distribution takes the form:
dmax ¼ mmax þ

m
X

amax;i pcmax;i

a2i

ð10Þ

i¼1

It is interesting to notice that the covariance between paths
(here between path 1 and 2) can be calculated easily through the
equation below:
d1 ¼ m 1 þ

m
X

a1;i pc1;i

d2 ¼ m2 þ

m
X

a2;i pc2;i

i¼1
m
X

covð1; 2Þ ¼

ai;1 ai;2

where ai’s are the coefﬁcients of principal components pci’s,
respectively.
Case 1: Standard deviations are equal (sA = sB) and correlation
factor is 0(rA,B = 0),
(
mA if mA Z mB ;
ð15Þ
dmax ¼
mB else
Case 2: Standard deviations are not equal (sA a sB) or
correlation factor is not equal to 0 (rA,B a0), We deﬁne two
constants (a and b) as follows:

i¼1

ð11Þ

a¼

mA mB
2

b2 ¼ s2A þ s2B 2sA sB rA;B

i¼1

As each delay is modeled as a random variable with normal
distribution, it is noteworthy to explain about the statistical
operations ﬁrst. The three operations used in our method are
SUM, DIV and MAX.

7.1. Sum operation
The sum of two random variables with normal distribution
results in a random variable with normal distribution. The SUM
operation along each cycle (dsum = d1 + d2) is computed as follows:
d1 ¼ m 1 þ

m
X

Eðdmax Þ ¼ mA fðaÞ þ mB fðaÞ þ bjðaÞ

d2 ¼ m2 þ

a2;i pc2;i

i¼1

dsum ¼ msum þ

m
X

amax;i ¼
asum;i pcsum;i

ð12Þ

i¼1

where msum = m1 + m2, asum,I = a1,i + a2,i 8i= 1,2, y, m. The standard
deviation of dsum can be calculated using Eq. (12) on the new set of
coefﬁcients.

7.2. DIV operation
In calculating the SCM of a cycle, the sum of delay values of the
cycle will be divided by the number of the tokens in the cycle. As
the sum of the delays modeled by normal random variable is still
a normal random variable, the parameters of the division are
calculated as follows:

s2A=n ¼

ð18Þ

The coefﬁcients of the principal components of the new
normal distribution are calculated as follows:

i¼1
m
X

ð17Þ

Here, j and f are the cumulative density function, CDF, and
the probability density function, PDF, of a standard normal (i.e.,
mean 0, STD 1) distribution, respectively. We know that the mean
and the standard deviation of the distribution can be calculated
using the ﬁrst and second moments as follows:

mmax ¼ Eðd2max Þs2max ¼ Eðd2max ÞEðdmax Þ2

a1;i pc1;i

ð16Þ

The ﬁrst moment (d0 max or E(dmax)) and the second moment
(d00 max or E(d2max)) of the max distribution are calculated as follows:
Eðd2max Þ ¼ ðm2A þ s2A ÞfðaÞ þ ðm2B þ s2B ÞfðaÞ þ ðmA þ mB ÞbjðaÞ

mA=n ¼

ð14Þ

i¼1

mA

sA aA;i fðaÞ þ sB aB;i fðaÞ
smax

ð19Þ

But as there is a potential for mismatch between the standard
deviation calculated using the coefﬁcients and the standard
deviation calculated using the closed-form formulae in Eq. (12),
the coefﬁcients (ar) are normalized to reduce the standard
deviation potential errors in further calculations using the
coefﬁcients and standard deviation:
ﬃ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Xm
smax
2
a
ð20Þ
s0 ¼
amax;i ¼ amax;i
max;i
i¼1
s0
After introducing the necessary functions, it seems to be
interesting to present the proposed method more perfectly:
Algorithm SSTA
Input: Variant-Time Petri-Net model of the Asynchronous Circuit
Output: Probability function of the performance
metric (m,s)

n

s2A
n2

aðA=nÞ;i ¼

aA;i
n

ð13Þ

7.3. MAX operation
The maximum distribution (mmax, smax) of two normal
distributions with means (mA, mB) and standard deviations (sA,
sB) and a correlation factor of (rAB) between the distributions is
calculated as follows:

1. Findall the cycles of the VT Petri-Net[26].
2. Calculate the sum of the place delays along the cycle
using the SUM operation employing Eq. (12).
3. Divide the result of the previous step by the number
of the tokens in the cycle using the DIV operation,
employing Eq. (13).
4. Find the maximum SCM between the calculated SCMs in
the previous step using the MAX operation employing
Eq. (15) to Eq. (18).
5. Find all coefficients of principle components of the
maximum delay calculated in the previous step in
order to calculate the path covariance in the next
iteration of the algorithm.
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Table 1
Comparison results of the proposed method and monte-carlo simulation method.
The circuit

A
B
C
D
F
G
I

No. of the nodes

6
10
16
26
20
22
56

No. of the cycles

17
51
1389
1864
276
5605
812

The proposed SSTA

Monte Carlo

Error (SSTA–MC)/MC%

Mu (l)

Sigma (r)

Mu (l)

Sigma (r)

Mu (l)

Sigma (r)

15.448
17.445
23.210
29.982
17.671
21.374
24.392

0.3804
0.2478
0.298
0.431
0.150
0.184
0.575

14.9887
16.9978
21.997
29.300
17.244
20.522
23.980

0.5359
0.3947
0.620
0.662
0.264
0.436
0.708

3.12
2.63
5.5
2.3
2.4
4.1
1.7

 29.02
 37.23
 51
 34
 43
 51.3
 18

1
0.8

Monte Carlo

0.6

SSTA

0.4
0.2
0

18

20

22

24

26

28

30

32

Fig. 4. Comparison of SSTA and MC methods: PDF curves.

Fig. 5. Comparison of SSTA and MC methods: CDF curves.

6. Normalize the calculated coefficients using Eq. (19)
and Eq. (20) and go to step 4.

VTPN model of circuit. To verify the results of our statistical
method, we used Monte Carlo (MC) simulation for comparison. To
balance the accuracy, we chose to run 10,000 iterations for the MC
simulation. The runtime for the MC simulation ranges from 20 to
110 min, depending on circuit sizes and its complexity. A
comparison of MC analysis results with those from statistical
approach is shown in Table 1. For each test case, the mean and
standard deviation (SD) values for both methods are listed. The
results of SSTA can be seen to be close to the MC results: the
average error is 3.1% and 37.65% for the mean and the variance
value of the delays, respectively.
In Figs. 4 and 5, for the largest test case named G, we show
the plots of the PDF and CDF of the circuit delay for both SSTA
and MC methods. It is observable that the curves almost match
each other. It will be shown that a source of the difference
between them is the correlation of the process parameters
which are not considered in the primary SSTA. In the next
section, we consider the spatial correlation between the process
parameters and the results show that it will optimize the
primary SSTA.

As a result, we have the basic parameters of a normal random
variable as a metric to evaluate the performance of the VTPN.

8. Evaluation and experimental results
The proposed SSTA methods have been implemented in C + + ,
and have been tested on a set of benchmark circuits. An
asynchronous synthesis toolset (PERSIA [28]) is employed to
synthesis benchmarks. Then the developed tool automatically
translates the decomposed circuits to its Variant-Timed Petri-Net
equivalents. Inputs and outputs of the circuit are connected to
each other in Petri-Net structure to form a closed loop system.
Initially, all tokens are placed in input nodes.
Variability of process parameters (L, Vth, and Tox) and the
environmental ﬂuctuation (Vdd) are taken into account. The 3s
values for process parameters are set at 20% of the mean. The
standard deviation of Vdd is 4% of the maximum, the mean is 96%
of the maximum, and the range is 84–100% of the maximum
value. In the experiments, Vth, Tox and Vdd are modeled
as probabilistic interval variables. The range of Vth and Tox is
80–120% of the mean. Sensitivities of parameters are from SPICE
simulations for a cell library of BPTM 0.06 um technology [29].
8.1. Evaluation of primary SSTA method
The proposed method has been run on SUN Ultra Sparc 10
workstation with 1 gigabyte of memory. The sizes of VTPNs range
from 6 nodes to 56 nodes. The runtime for our benchmark ranges
from 5 to 100 s, depending on circuit sizes and the structure of

8.2. Evaluation of SSTA method with spatial correlation
The proposed method has been run on SUN Ultra Sparc 10
workstation with 1 gigabyte of memory. The sizes of VTPNs range
from 6 nodes to 56 nodes. The runtime for our benchmark ranges
from 15 to 200s, depending on circuit sizes and the structure of
VTPN model of circuit. To verify the results of our statistical
method with Spatial Correlation, we used Monte Carlo (MC)
simulation for comparison. To balance the accuracy, we chose to
run 10,000 iterations for the MC simulation. The runtime for the
MC simulation ranges from 30 min to 12 h, depending on circuit
sizes and its complexity. A comparison of these results with those
from statistical approach is shown in Table 2. For each test case,
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Table 2
Comparison results of the SSTA method (with correlation) and Monte-Carlo simulation method.
The circuit

A
B
C
D
F
G
I

No. of the nodes

6
10
16
26
20
22
56

No. of the cycles

17
51
1389
1864
276
5605
812

SSTA with correlation

Monte Carlo

Error (SSTA–MC)/MC%

Mu (l)

Sigma (r)

Mu (l)

Sigma (r)

Mu (l)

Sigma (r)

15.840
17.355
22.022
30.093
17.955
21.0868
24.000

0.441
0.386
0.386
0.547
0.299
0.2899
1.200

15.752
17.749
23.661
30.652
17.964
20.5925
24.663

0.624
0.423
0.509
0.721
0.270
0.2428
1.006

0.5
 2.21
 6.92
 1.8
 0.05
 2.40
 2.68

 29.32
 8.74
 24.1
 24.1
10.74
 19.37
19.28

Fig. 6. Comparison of SSTA (with Correlation) and MC methods: PDF curves.

Fig. 8. Variant Timed Petri-Net Simulator.

Fig. 7. Comparison of SSTA (with Correlation) and MC methods: CDF curves.

the mean and standard deviation (SD) values for both methods
are listed. The results of SSTA with Spatial Correlation can be seen
to be close to the MC results: the average error is 2.36% and
19.38% for the mean and the variance value of the delays,
respectively.
In Figs. 6 and 7, for the largest test case named G, we show the
plots of the PDF and CDF of the circuit delay for both SSTA with
Spatial Correlation and MC methods. It is observable that the
curves almost match each other. The mean values are almost
equal although the standard deviations have differences yet. The
main source of the remained difference between the curves is the
correlation of the process parameters which are considered in
SSTA with Spatial Correlation but not in the Monte Carlo
simulation. Since the samples in the Monte Carlo simulation are
created randomly, the correlation between the samples cannot be
considered and the error appears in the comparison stage,
especially in the variance part of the results as the correlation is
applied in calculating the variance value of the delay more than
calculating the mean value.

Fig. 9. The Error between the mean values of the proposed methods and the
corresponding MC methods.

9. Variant-Time Petri-Net simulator
We have developed a Variant-Timed Petri-Net simulator which
supports probability density function as the delay of its places to

ARTICLE IN PRESS
M. Raji et al. / Microelectronics Journal 41 (2010) 99–108

107

graphs. With proper modeling, however, systems with simple
choices can be analyzed under our framework. For example, a
choice between a slow mode and a fast mode of operation of a
certain component can be modeled using a discrete delay
distribution. In some cases, more complicated choices can be
handled hierarchically. Earlier, we mentioned this limitation and
solved this problem by proposing a novel static performance
analysis method for non-deterministic asynchronous circuit using
the Probabilistic Timed Petri-Net model [21]. The proposed
method had the advantage of exploiting a new performance
metric and presented an efﬁcient methodology for static estimation of average performance of non-deterministic asynchronous
circuits with choices at the template level. Using the average
performance analysis method [2], the proposed statistical static
timing analysis method can be extended to practical asynchronous circuits which can be considered as a future work.

Fig. 10. The Error between the Variance Values of the Proposed Methods and the
MC Methods.

evaluate the performance of the asynchronous circuit. Simulation
engine supports different delay models including randomly
generated delays with ﬁxed, uniform, exponential and normal
probability distribution functions. The core simulator is based on
systemC [30].
SystemC models for transition and places are developed and
the tool is also able to automatically elaborate a detailed systemC
model for each input Petri-Net. To consider spatial correlation, the
correlation coefﬁcients obtained from the mentioned partitioning
are applied in the analysis to consider the spatial correlation in
Variant-Timed Petri-Net based simulation.
Fig. 8 shows the general structure of the proposed performance
evaluation scheme and its interface with a generic asynchronous
synthesis ﬂow.

10. A comparison between the proposed methods
In this section, we compare the proposed methods using a
graph. Figs. 9 and 10 show the error between the results of the
Monte Carlo and the primary SSTA and the error between the
results of the Monte Carlo and the correlation aware SSTA using
two graphs. Fig. 9 shows that in almost every case, the former
error is more than the latter one. The left most case, which
presents the average of the other cases, shows that on average the
results from the correlation aware SSTA are more close to the
Monte Carlo analysis method than the primary SSTA. Fig. 10
shows that in almost every case, the correlation aware SSTA is
more accurate than the SSTA which does not consider the spatial
correlation; otherwise they are very close in accuracy.

11. Modeling issues and discussion
This section addresses two limitations of the model used in
this paper: the use of a normal delay distribution, and the
restriction to decision-free systems. In order to make a system
amenable to analytical methods, the delay distributions for
components are currently restricted to be normal. This restriction,
however, should not have a signiﬁcant impact on results in
practice. Only the mean and the variance of the delay have a
signiﬁcant impact on the result.
Another apparent drawback of our approach is the restriction
to decision-free systems, as systems with complicated choice
decisions and conﬂicts cannot be properly modeled as marked

12. Conclusion and future work
Even though asynchronous circuits are highly tolerant to
process variation, it seemed to be necessary to present a method
to analyze the performance of asynchronous circuits considering
the variation in process parameters. This view has facilitated us to
derive an efﬁcient method to analyze system performance, and to
deﬁne meaningful performance metrics for optimization. In this
paper, we present a method to analyze the performance of
template-based asynchronous circuits statistically. Asynchronous
circuit has been modeled using Variant-Timed Petri-Net. Based on
this model, the probability density function of the delay of global
critical cycle is calculated. We also present a simulation tool of
Variant-Timed Petri-Net and the results of the experiments are
compared with Mont Carlo simulation results. We demonstrated
our method via a tool. Results show that it is possible to consider
the process variation and analyze the performance while there is
ignorable error between the results of the proposed method and
the general Monte Carlo simulation method. We considered the
spatial correlation to increase the accuracy of the primary
proposed analysis method and a comparison between the results
shows that it reduces the differences between the results of the
proposed SSTA and the Monte Carlo simulation method.
We see many avenues for further investigation. Research goals
in the immediate future include extensions to analyze asynchronous systems with choice, the development of performance/
power optimization algorithms [31,19] for asynchronous systems
driven by our analysis technique, and the application of our
method to a broader class of concurrent systems, such as GALS
systems.
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