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Self-Organizing Mixture Networks for Probability Density Estimation
Hujun Yin and Nigel M. Allinson

Abstract—A self-organizing mixture network (SOMN) is to its use of deterministic gradient descent and batch operation
derived for learning arbitrary density functions. The network  nature, the EM algorithm has a high possibility of being trapped
rr}|n|tm|zhes t.the KuIIback;Le|b|erth|m:jorm_?r§|ond me_t”Cf by tmeans in local optima and is also slow to converge [6]-[8]. Some
OT Sstochastc approxXximation metnods. e densl unctions are ) . . . .
modeled as miftﬁres of parametric distributions At)r/nixture needs mod|f|_cat|ons, .SUCh as the stochastic EM algorlthm,_maX|mum
not to be homogenous, i.e., it can have different density profiles. Pe€nalized likelihood method, and ensemble averaging method
The first layer of the network is similar to Kohonen's self-orga- have since been proposed to overcome these problems (e.g., [7]).
nizing map (SOM), but with the parameters of the component The penalized likelihood approach offers a balance between
densities as the learning weights. The winning mechanism is basedgoodness-of-fit and smoothness (i.e., generalization ability) [2].
on maximum posterior probability, and updating of the weights is The authors have recently proposed a Bayesian self-organizing

limited to a small neighborhood around the winner. The second BSOM) f ving G : it bl dn
layer accumulates the responses of these local nodes, weighted bWap ( ) for solving Gaussian mixture problems, and have

the learned mixing parameters. The network possesses a simpleShown additional advantages (e.g., fewer local optima and faster
structure and computational form, yet yields fast and robust convergence speed) over the EM algorithm [8], [9]. Wahgl.
convergence. The network has a generalization ability due to the have proposed a probabilistic SOM (PSOM) [10] for segmen-
re'{f"iﬂlvaeﬂoenm;?]%y (;rtittgrrrinog;sss?f?éaﬁgr?ligféior::ste%tggn?tﬁ/e psrooﬁlle tation of brain tissue images, whose histograms are modeled as
es . : : ; . _ :

can also providg an insight to the role of F?1eighborhood function mIXtu.reS of GaUSSI_anS' Thelr a_Igorlthm optimizes the. Ieaml.ng
used in the SOM. density by referencing to pixel histograms. Its stochastic version
is similartothe BSOM. However, inthe BSOMthe updating rules
for the mixing parameters are more generalized; and learning
is limited to a neighborhood around the winner. Other similar
algorithms include [11], [12]. In [11], a homoscedastic Gaussian
mixture model is used for the data; equal mixing is assumed; and
. INTRODUCTION a single Gaussian smoothing prior is used to express variation

N PRACTICAL pattern recognition, a sample distributiorPf centroids in the neuron space. The SOM can then be related

I can rarely be represented by a single parametric form. whighthe elastic net algorithm [13]. In [12], the generative topo-
there is little or no prior knowledge about data properties excef@Phic mapping (GTM) is proposed as a principled dimensional
for the data samples themselves, the sample’s joint distributigifluction method. The GTM also uses homoscedastic Gaussian
can often be modeled as a mixture of simple parametric forffgxtures and equal mixing weights. The GTM is used mainly to
such as Gaussian, Cauchy, or Laplace [1], [2]. This provideénéuahze and mpdel h_|gh—d|menS|onaI data in a latent variable
tradeoff between the simple and limitpdrametricapproaches SPace of a low dimension. _
and the computationally intensiveonparametricapproaches. [N this paper, we further extend and generalize the BSOM
The parameters for each component density in the mixture, hd-general mixture distributions. The resulting network, the
ever, have to be derived or learned solely from the data sampf&lf-organizing mixture network (SOMN), combines the
The maximum likelihood (ML) approach to this problem, whef{ullback—Leibler information metric [14], the stochastic ap-
all parameters are unknown, results in a set of implicit equBloximation method [15], and the SOM structure [16]. Since
tions, which require numerical methods to solve [3]. thg SOMN is denvgd for Qen3|ty estimation, it places the ngural

Xu and Jordan [4] applied the expectation-maximizatiodfid in the same dimension as the input. The Kullback—Leibler
(EM) method [5] to the Gaussian mixture problem and showdégetric is the expectation of log likelihood, thus has a natural
its advantages over other algorithms. The resulting a|goritrgﬁnerqllzqt|on ability over the raw sample likelihood criterion (or
agrees with Duda and Hart's earlier suggestion of an indirecftch likelihood methods). Furthermore, the SOMN limits the
solvable ML approach [3]. The EM algorithm and Standar@arn!ngmasmallne|ghborhood ofthewmnerhkgtheSOM.The
ML based algorithms maximize the sample joint-likelihoooﬁ"gor'thm requires o_n!y scalar and local calculatlon_s, and hence
i.e. the pseudo-likelihood, in batch operation. This process c&fomputational efficient. The SOMN can be applied not only
over-emphasize or favor these observations, so may lead to of@r1omogenous mixtures and/or homoscedastic components,

fitting problems, especially when the sample size is small. Tyt also to inhomogenuous mixtures and/or heteroscedastic
sample likelihood will approach the true likelihood only wheffomponents.

the number of the sample points tends to infinity. In addition, due
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bution, each sample observation from ad-dimensional input ~ The EM algorithm is an iterative ML procedure for parameter
spacef) € R¢, is assigned to one ok pattern components, estimation under incomplete data or missing data situations [5].
each of which has a prior probabilify; and a prescribed distri- Many problems can be viewed as instances of such situations.
bution. The joint probability density of data sample is given bifor example, in the unsupervised learning for the mixture dis-
tribution, the input samples are incomplete and the missing data

X are the component-labels or indicator functions for each sample.
p(x|®) = Zpi(xwi)Pi @ By using the EM procedure, the marginal, or incomplete-data,
=t likelihood is obtained by the average or expectation of the com-
where plete-data likelihood with respect to the missing data using the
pi(x|0;)  ith component-conditional density; current parameter estimates (E-step), then the new parameter
0; sufficient statistics or parameter vector for thestimates are obtained by maximizing the marginal likelihood
ith conditional density; = 1, 2, ..., K and (M-step). The EM algorithm has been shown to be an iterative
O =(0,0,...,0)7; gradient ascent algorithm, in which the likelihood function ex-
P prior probability of theith component and is also hibits no decrease after each iteration.

called the mixing parameter or mixing weight. =~ The EM method has been applied to the estimation of
For Gaussian and Cauchy mixtures, the conditional densit@aussian mixtures by Xu and Jordan [4], [18]. It is an extended
have the following forms, respectively: and generalized-means algorithm with a consideration of
component distributions and priors, thus will generally result in

pi(x|0;) = ﬁ e=(1/2)6e—m)TST x—mi) (2)  much improved clustering than themeans algorithm. Xu and
(2m)4/2 1% Jordan [18], [19] have also shown that this EM algorithm is a
pi(x|0;) = 1 (3) variable metric gradient ascent algorithm with first-order con-

|21+ (x — mi)Tzfl(X —m;)] vergence. They have also acknowledged the slow convergence
of the algorithm, especially when the mixture components are

whered; = {01, fia} = {m;, ¥;} are the mean vector and,\ separated, but found that faster methods such as super-
covariance matrix of the Gaussian or Cauchy density funchn ; . X
ifear and Hessian gradient generally perform poorly for this

respectively. k“]d of ill-conditioned problem. The EM algorithm provides a

o sy gl sllon ki f s eaing b,
sity profile. When a single variance is used for all componen sup its slow convergence_and h'gh cc_)mputano_nal costs ne_ed

. . e ttd be addressed for practical applications. Besides, in solving
the model is termed homoscedastic. Most existing approacigﬁs likelihood, (4), the entire data set is needed during each
use either homogenous mixtures or homoscedastic COMPONER tion of thia aléorithm Batch EM operation optimizes the
in order to derive a workable algorithm. This will reduce the a%'ample likelihood only 36 will have poor generalization when
curacy of density matching and applicability of the algorithm?he sample size is sméll.

The SOMN, however, does not have these assumptions or sim-

plifications, thus is more suitable for general densities.
[ll. THE SELF-ORGANIZING MIXTURE NETWORK

B. Maximum Likelihood Estimation and the EM Algorithm A  The SOMN Structure

For most unsupervised learning applications, only the formsgaseq on the mixture distribution model, i.e., (1), the SOMN
of the component-conditional densities are known. The modg},cture can be illustrated as in Fig. 1. For a mixture of finite
parameters, however, have to be estimated from a s¥tafi- components, the netwotk placesM nodes {/ does not need

labeled sample observation§, = {x(1), x(2), ..., x(N)} € o be equal td, if K is not knowna priori) in the input space,
Q. Inthese cases, the joint-likelihood of all observations is oftef) The kernel parameters, e.g., mean veciersand covariance
approximated by matricesY;, are the learning weights. The output of a kernel is
N the conditional density of that component in the mixture. The
p(X|0) = H p(x(n)|©), upper Iaygr, or the netwo.rk output, sums the responses of these
oyl kernel weighted by the prior probabilities or mixing parameters,
or FP;, which are also the learning weights. At each time ste@,
N

. sample point, denoted by(n), is randomly taken frons2 or

I(x) = log[p(X|©)] = Y _log{p[x(n)|®l}  (4) from a finite data sefb. A winner is chosen according to its
n=1 kernel output multiplied by its mixing parameter, i.e., estimated

assuming independence of the observations. This makes p@sterior probability

sample likelihood an approximate (or time average) to the . .

true likelihood, [ log[p(x)|p(x) dx. Maximizing this sample Plilx) = Pip;(x16;)

likelihood (ML) may lead to a singular solution (for example, - ﬁ(x|@) ’

placing components in data points and letting the variance tend

toward zero). When restricted to the largest finite maximuiwvithin a neighborhood of the winnes,,, the weights are up-

and Gaussian components, it results in implicit equations fdated. Thus the SOMN is similar to the SOM in the sense of

these parameters [3], which are only solvable numerically. local learning properties.

()
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pXx) When the estimated density is modeled as a mixture distribu-
tion, i.e., afunction of various subdensities and their parameters,
one can seek the optimal estimate of these parameters by min-
imizing I via its partial differentials in respect to every model
parameter, i.e.,

ol :_/ 1A 9p(x|©) p(x) dx = 0,
9y | 5(x[6) 90
i:1,2,...,K,andJ_12 7
G| :_/ L 9p(x(0) () dx
OF, 5(x16) 0P |
9 K R
A > p-1
0i=[mi, Xi] © | =1
A __ L[| P8y ax = o,
X i p(x[©)
i=1,2 ..., K (8)

Fig. 1. The structure of the self-organizing mixture network (SOMN).

where6;; represents thgth parameter of théth conditional

The number of nodes, however, needs not to be knawndensity, e.g., the mean vector and covariance matriy fer 1
priori, but should be equal to or larger than the number of undeémd 2, respectively. In (8), the method of Lagrange multipliers
lying components in the mixture to avoid the under-representetth a constralnt  parameteX is used to ensure a valid proba-
problem. That is, one can always use a large number of nodd#y, i.e., ZZ 1 b =1.
to learn the mixture, and only the significant ones will remain. As the true data density is not known, the Robbins—Monro
Such a number can be a subjective factor in the learning. Fostachastic approximation method [15] can be used for solving
smooth estimation of an arbitrary density, one can use a laitf)@se nondirectly solvable equations. This results in the fol-
number of nodes. For mixtures with a known class number l@wing adaptive updating algorithm with the constraint param-
where only a number of major or principal components need éter A set to one:
be traced, a SOMN with this number of nodes can be used to

interpret interesting subdensities. . .
P ] b5(n+1) =03 (n) + aln)

B. The SOMN Updating Algorithm

Suppose that the true environmental data density function and = éij(n) + a(n) APZ(”A) 9pi(x(6:) 9)
the estimated one angx) and p(x), respectively. The Kull- H(x|©) 90i5(n)
back-Leibler information metric [14] measures the divergence ) Pix|0)P.(n) -
between these two, and is defined as Pi(n+1) =F;(n) + a(n) P(xl6 — Pi(n)

T 1022y ix. ©) = Bi(n) — afn) [P(ilx) — P(n)] (10)

Itis also referred to alative entropyand is an expectation Wherea(n) is the learning rate at time stepand0 < a(n) < 1
of the negative log-likelihood in the limit of an infinite numberand decreases monotonically.
of data points subtracting a bias which is known as the entropy ofThe updating of the above parameters can be limited to a
the data. It measures the average information remaining in e&hall neighborhood of the winning node, which has the largest
data point by the estimator. It is always a positive number, afSponse or posterior probability, i.€(i|x), due to the dimin-
will be zero if and only if the estimated density equals the trughing spreading properties of the most conditional densities.
one. The sample likelihood approximates the Kullback—Leibldhat is, the density can be approximated by a mixture of a small
measure by the time average of sample probabilities (withdidmber of nodes at one time, i.e.,
input entropy, a constant for a stationary source). This can be
easily seen when comparing (4) and (6). The sample likelihood p(x|0) = Z i x|0 (1D
approach will equal the Kullback-Leibler metric only when the icn,
size of the sample tends to infinite and the input is an ergodic
process. The Kullback—Leibler measure is arguably more suitherec is the winning node index angl, is a neighborhood of
able measure for density estimation or unsupervised learnihg winner.
[1], [20], [21]. It is a natural integration of accumulative log Itis straightforward to calculate the corresponding partial dif-
likelihood. ferential terms in (9) for a specified conditional model, e.g., (2)
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Fig. 2. (a) Data scatter. (b) The Gaussian SOMN versus the EM algorithm.

or (3). That is, for a Gaussian mixture or a Gaussian componditite scatter of the data vectors is shown in Fig. 2(a). As a com-
in a mixture, the learning rules for the mean vector and covagarison, convergence curves for one of the two mean vectors

ance matrix are of both SOMN and EM algorithms under the same random ini-

) tial conditions are given in Fig. 2(b). In this example, the initial
Arn; = a(n) P(ifx)[x(n) — 1 ()] ~ (12) mean vectors of a three-node Gaussian SOMN were set to small
AS = a(n) P(ix){[x(n)—n;(n)][x(n)—1iy(n)]F =3i(n)}. random vectors arounfd, 0]%, the initial mixing priors were

(13) setequally to 1/3, and the initial variances were set equally to
a large diagonal matrices (comparable to the raw sample vari-
For Cauchy mixture or a Cauchy component in a mixture, theynce), e.gdiag(10, 10). Learning rates in the SOMN were lin-
are early decreasing from 0.5 and 0.05 for the mean vectors and for
At = a(n)P(|x); (x|9i)[x(n) — tii(n)] (14) the covariances and m_ixing priors, regpectiyel_y. |
AR :a(n)P(i|X)ﬁ<(X|é<) Although. bth algorithms can achieve _S|mllar final results
‘ ‘ ‘ R and classification rates (around 96%), it is found that the
A{x(n) — iy (n)][x(n) — iy (n)]" — Xi(n)}. (15) SOMN algorithm has three advantages over the EM algorithm.
-#'rstly, the stochastic-gradient-based SOMN algorithm con-

These forms, (12) in particular, resemble the SOM updati h faster than the deterministi dient-based EM
algorithms. This shows that the SOM is a simplified Gaussi rges much taster than the deterministic gradient-base
tch) algorithm. This can be seen from Fig. 2(b). Generally,

mixture estimator and uses the homoscedastic Gaussian mix . ; ; ) :

model for the data, when a Gaussian neighborhood functiorpls chastic leaming algorithms use Iargg learning ratgs. While

used as it is often the case (the posteiitfii|x), is also Gaussian the batch EM use$/n as 'ea.”"”g rate (it can be gasﬂy seen
Qen the EM algorithm is written in an on-line fashion), which

for Gaussian mixtures). Only the mean vectors are learning,
comes very small after only a few iterations. This results in

mixing parameters are assumed equal, and single variance is
plied by the size of the neighborhood. A large ne|ghborhood akened power in learning. Detailed quantitative analysis has
n given in [22]. Second, the initial conditions have a greater

the beginning means a large variance of the Gaussians orabl%%%l i ¢ its of the EM algorithm. Th
overlapping among them. It also means a high mobility for t Ol'll\/lelgcion € convergen LeSLt' sho € q agotrl Im | €
neurons. This is helpful in finding the global or, at least, a bett&r owever, is more robust when random initial values

local optimum, especially at the beginning of the learning. Smé\fe used. In our numerous trials for this example with random
bals the SOMN converged successfully in all cases, while

neighborhood sizes mean small variances for the Gaussians %L:[
EM did not converge to the correct results in almost half of

little overlapping among them, thus a low mobility. Shrinkini
. : : o m. Third, the EM algorithm is easily trapped in local optima
the neighborhood during the process provides a subjective n |t is an exact gradient ascent/descent algorithm. The SOMN,

ad hocadjustment to the variance of the Gaussians in order %3 tochasti dient based i hall
aid the fitting and to allow them to settle to the data distributiolkr\emlg a stochastic gradient based, can easily escape shaflow
as the learning progresses. ocal minima.

A~

When a stochastic version of EM algorithm is used, two al-
IV. EXPERIMENTS AND RESULTS gorithms may become comparable. However, in SOMN, the
. learning is limited to a small neighborhood of the winner only
A. Classification Problems rather than to the entire network as the EM does—this is compu-

For the following unsupervised classification example, thationally advantageous especially when the size of the network
data used are the same to those in [4]. There are three classdarge.
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2 ! ' " ' i . d computation of the EM for each iteration for this example). The
2 & gasa averaged classification rates of the EM, also after 30 runs, are
157 AA%AA . 0 0 (g: o 1 lower, 85.2% and 82.9% for training and testing, respectively.
X a A P 0 00 j
1 4; 23}0:32%@ @p%i;"’(g% o8 B. PDF and Function Profiles
051 L %A a0 8. ® OA%A% %0%% 20 The profile of an x-ray rocking curve (i.e., the profile of a
ob 20022 , ‘%9 ‘g a B fﬁ o &3 | X-ray diffraction peak as a function of photon energy) is shown
N TN 00 B¢ AAA%AA?AAAA o%c%g d in Fig. 5 (dash line). Though in reality a spectrum, the exper-
-0.5¢ Ai w28 4 S e n o §§’ imental sample (200 data points in total) were resampled ran-
a gA L Lo M‘;‘b o o domly to provide an effective density histogram for network
4F N 0 99%0 8!3 . training (19512 points were generated). The network, initially
& 4. BB 00y, ° assigned five Cauchy components as the true number of peaks
-1.51 1 was assumed unknown, has successfully learned the two main
peaks. The estimated density (solid line) is after five epochs.
2, .1'.5 1 .0'5 (') ots 1 1j5 2 The resulting weights of five components are list in Table I.
Two components (nodes 4 and 5) are active, others are too small
Fig. 3. Data scatters (two pattern classes). to contribute meaningfully. A Gaussian mixture would have re-

quired many more nodes for a smooth interpretation. This illus-
o . _ trates the advantage of choosing a parametric form that agrees
An accurate estimation of pattern class-conditional densitigsn, the suspected form of the data or the underlying phys-
is vnallfo.r an optimal classifier. The pext experiment uses thgy, generation of the data. The estimated relative entropy, (4)
data similar to that used by Ormoneit and Tresp [7]. In totadyithout data entropy), can be used to validate the choice of
200 observations were generated for each class, of which I’&ﬁnponent forms.
were randomly chosen for training and the other half for testing. |, the final example, a SOMN with five Gaussian nodes was
There are two pattern classes, the scatters of the entire data g 1 approximate a noisy snapshot image from a capillary
shown in Fig. 3. Details of how these data sets are generated@erophoresis system [23]. The data is shown in Fig. 6 as
given in [7]. Basically a Gaussian distributed data point is fir$f gashed line. The solid line shows the result after only five
generated and mapped onto the unit circle then summed WiBning epochs. Two major peaks have been accurately located,
a further Gaussian dispersion and an additional offset. Such @ other peaks have also been revealed. Animportant feature of
density requires a larger number (if not an infinity) of Gaussiange SOMN is that it can simultaneously provide the width infor-
to approximate. o _ mation about each peak, which in this application is important
Each class-conditional distribution was estimated by:allD 5 they relate directly to the diffusion coefficients of the chem-
SOMN, which was initially placed regularly into the data rejcq| analyzes. The resulting parameters are listed in Table I1.
gion (roughly, say +2, 2]x[~2, 2] square). Isotropic Gaussian | the last two examples, only the winning node and its two
nodes were us_ed Wlth initial variances set equally. A fairly UNKeighboring nodes (one on each side) were updated at each itera-
form (flat) distribution was assumed before learning as no prighn_ The learning rates for the means and for the variances and
information about the density was available. Hence, the i”itiﬁflixing priors were linearly decreasing from 0.2 and 0.02, re-
variance was chosen approximately proportional to the (Migpectively. To prevent the variances becoming singular, negative
imum) inter-distance between the nodes, so that the initial Mggfinte or varying drastically between consecutive updates, it is
would evenly cover the entire region. The exact value of thiger 1o use small learning rates for both variances and mixing

initial variance, however, is not critical. At each iteration, O”Briors. However, it has been found that the network converges
data point was randomly taken from the 100-point training sgler a wide range for these rates.

(sample with replacement). Update was limited to the winner
and its second-order nearest neighbors. The learning rates for
means and for variances and mixing priors were decreasing from
0.2 and 0.02, respectively. Typical results, i.e., estimated den-An unsupervised learning structure, based on minimizing the
sities, after just 2000 iterations (i.e., 20 epochs), are given Kullback—Leibler information entropy using stochastic approx-
Fig. 4. Note, only 100 data points were used in learning, a vemation and a self-organizing principle, is proposed for esti-
small data set for such a complicated density. Based on thes&ting general mixture distributions. As it has been shown that
probability distribution, an optimal classifier can then be corthe SOMN yields robust and accurate estimations even for small
structed according to the Bayes rule (with class priors in prdata sets and converges fast. It outperforms the batch EM algo-
portional to the percentages of the class samples, 0.5 for eathm in various aspects. It is computationally efficient, using
class in this example). The average classification rates after@tly a fraction of the computation cost of the EM (batch and
independent simulations are of 88.6% and 85.1% for trainirsgochastic) algorithm. It uses heteroscedatic components in a
and testing, respectively. The EM algorithm was also appliedixture and can also use more general inhomogenous mixture
to this problem under same initial conditions. It is found thahodels, thus is more applicable. It can be regarded as a more
it needs at least 40 epochs to converge and each epoch tageaseralized and adaptive version of the EM algorithm or ML
much longer than the SOMN (as the SOMN only requires 258pproach for unsupervised learning and data density modeling,

V. CONCLUSION AND DISCUSSION
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Fig. 5. Mixture estimation using a Cauchy SOMN for a X-ray rocking curve ]

profile. Fig. 6. Mixture estimation using a Gaussian SOMN for capillery
electrophoresis data.

TABLE |

RESULTS FORINDIVIDUAL NODES IN THEMIXTURE OF FIG. 4 TABLE Il

ESTIMATED COMPONENTPARAMETERS OF THEMIXTURE IN FIG. 5

node mixing weight mean variance (G) mode mixing weight mean variance (0)
1 6.42x10"*% 819.69 20.10 1 XY TPR) 719

2 6.37x10°% 1302.90 20.10 > 03710 1896 97

3 3.82x107 30.27 119.03 3 0.3857 266.6 198

4 0.3711 -667.79 10.29 2 01319 3518 552

5 0.6289 -357.93 67.03 3 0.0099 2637 3.6

since it optimizes the expected entropy. The EM algorithm opti- Like the SOM algorithm, the SOMN is a computationally
mizes the sample likelihood, which is only an approximation (bsimple algorithm and is easy to implement. Its neighborhood
simple averaging) to the entropy. The PSOM, close to Gauss@mscience learning and locality of the kernel function provide
SOMN, optimizes the sample entropy, which uses the sampites network with efficient local computation. It also reveals the
histograms as an estimate of the true distribution. The advantaging role of the neighborhood function in the SOM, thus pro-
of a good estimator is that it will reduce the burden of a comphddes some insight to the self-organization process. In the SOM,
cated regularization procedure or duplicated training processeBomogenous and homoscedastic Gaussian mixture model is
as in “assembling” or “bagging” committee methods. implied. Variances are prejudged and controlled by the radius
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of the updating neighborhood. Beginning with a large neighbor-[6]
hood, it assumes large variances or broad overlapping among
the active fields of neurons. This assumes a flat or unshape
distribution to the neurons thus provides them a needed learn-
ability. Shrinking the neighborhood provides adjustments to the
variance thus the mixing range in order to fit the map to the data[8
more closely and to limit the activity of the neurons as they grad-
ually learn from the data. The SOMN shows the relationships[gl
between likelihood and entropy approaches and relations be*
tween the EM algorithm and the SOM. Although the SOM will [10]
finally minimize the mean-squared-error (if the neighborhood
disappears), the SOMN shows that the self-organizing process

of the SOM is also an entropy-related learning process.
[12]
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